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Chapters 2, 3 and 4 of this thesis are devoted to the original results. 



Abstract 



In this thesis, the class of modules whose Cousin complexes have finitely generated 
cohomologies are studied as a subclass of modules which have uniform local cohomological 
annihilators and it is shown that these two classes coincide over local rings with Cohen- 
Macaulay formal fibres. This point of view enables us to obtain some properties of modules 
with finite Cousin complexes and find some characterizations of them. 

In this connection we discuss attached prime ideals of certain local cohomology modules 
in terms of cohomologies of Cousin complexes. In continuation, we study the top local 
cohomology modules with specified set of attached primes. 

Our approach to study Cousin complexes leads us to characterization of generalized 
Cohen-Macaulay modules in terms of uniform annihilators of local cohomology. We use 
these results to study the Cohen-Macaulay loci of modules and find two classes of rings 
over which the Cohen-Macaulay locus of any finitely generated module is a Zariski-open 
subset of the spectrum of the ring. 
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Introduction 



Many concepts in commutative algebra are inspired by algebraic geometric objects. Of 
particular interest and effective tool in this thesis, is the Cousin complex of a module which 
is algebraic analogue of the Cousin complex introduced in 1963/64 by A. Grothendieck 
and R. Hartshorne |171 Chapter IV]. They used this notion to prove a duality theorem 
for cohomology of quasi-coherent sheaves, with respect to a proper morphism of locally 
noetherian preschemes. 

In 1969, R. Y. Sharp presented the commutative algebraic analogue of the Cousin com- 
plex (see section 1.3) and approved it as a powerful tool by characterizing Cohen-Macaulay 
and Gorenstein rings in terms of Cousin complexes [29j . This concept is developed in [35] 
by Sharp and is discussed by S. Goto and K. Watanabe in the Z-graded context [15]. In 
[29], Sharp shows that a commutative noetherian ring R is Cohen-Macaulay if and only 
if the Cousin complex Cr{R) of R is exact, which is improved to modules by himself in 
|30j . while R is Gorenstein if and only if Cr{R) provides the minimal injective resolution 
of R. He also introduced Gorenstein modules and characterized them by using Cousin 
complexes in [3D]. 

From the Cousin complex definition is apparent that it terms are very much look like 
non-finitely generated, and despite of it, R is Cohen-Macaulay if and only if Cpi{R) is exact, 
i.e. its cohomologies are zero and so finitely generated. Now, one may ask what rings or 
modules admit finitely generated Cousin complex cohomologies and what properties these 
rings or modules have. 

In 2001, M. T. Dibaei and M. Tousi, while studying the structure of dualizing com- 
plexes, found a class of modules whose Cousin complexes have finitely generated coho- 
mologies. The theory of dualizing complexes comes also from algebraic geometry which 
was discussed firstly by Grothendieck and Hartshorne in 1963/64 and used to prove their 
duality theorem [T71 Chapter V]. Afterwards Sharp and a number of authors studied its 
commutative algebraic analogue and found it as a useful tool. 

For the rest of this section, i? is a commutative noetherian ring and M is a finitely 
generated -R-module. 

A dualizing complex for a ring i? is a bounded injective complex /*, where all coho- 
mology modules H*(/*) are finitely generated iZ-modules and the natural map M — > 
Hom/j(HomR(M, /•),/•) is quasi isomorphism for any finitely generated i?-module M. 



A dualizing complex I* is said to be fundamental whenever QiezI"^ — ®pgSDeci?^(^/'')' 
where E{R/p) is the injective envelope of R/p as i?-module, i.e. each prime ideal of R 
occurs in exactly one term of /* and exactly once [341 1.1]. It is known that a ring R 
possesses a dualizing complex if and only if it possesses a fundamental dualizing complex 
(see [16\ 3.6] and [34 ^ 1.2]), which is unique up to isomorphism of complexes and shifting 
(see [321 4.5] and [Ml 4.2]). 

Now, a natural and interesting treatment is to determine this unique complex. In 
1998, Dibaei and Tousi described that if a local ring R which satisfies the condition (6*2), 
possesses a dualizing complex, then the fundamental dualizing complex for R is isomorphic 
to the Cousin complex of the canonical module of R with respect to the height filtration 
(which is equal to the dimension filtration in this case) [HI 2.4]. As an application they 
proved that if a local ring R satisfies the condition (S2) and has a canonical module K, 
then finiteness of cohomologies of the Cousin complex of K with respect to a certain 
filtration is necessary and sufficient condition for R to possess a dualizing complex |8, 3.4]. 
In 2001, they generalized their structural property of dualizing complex of [8] and showed 
that the Cousin cohomologies of M over a local ring R, are finitely generated if R has a 
dualizing complex and M is equidimensional which satisfies the condition (5*2), in [9]. In 
continuation of [8] and |9], Dibaei studied some properties of Cousin complexes through 
the dualizing complexes in 2005, and proved the following result. 

Theorem 1. [4, Theorem 2.1] Assume that all formal fibres of R are Cohen-Macaulay and 
M satisfies (5*2) . If M is equidimensional, then Cr{M) has finitely generated cohomology 
modules. 

These ideas have been pursued in algebraic geometry by J. Lipman, S. Nayak and 
P. Sastry in [21]. Taking motivation from [8] and ^, Kawasaki studied Cousin complex 
of a module over a noetherian ring and improved results, independently from [1], in |20j . 
More precisely, he proved the following results. 

Theorem 2. [20t Theorem 1.1] Assume that M is equidimensional and 
(i) R is universally catenary, 

(ii) all the formal fibers of all the localizations of R are Cohen-Macaulay, 
(iii) the Cohen-Macaulay locus of each finitely generated i?-algebra is open. 

Then all the cohomology modules of the Cousin complex of M are finitely generated and 

only finitely many of them are non-zero. 

The assumptions of the above result are also necessary in a sense. 

Theorems. [201 Theorem 1.4] Let i? be a catenary ring. Then the following statements 
are equivalent. 

(i) R satisfies the conditions (i), (ii) and (iii) of Theorem 2. 



(ii) for any finitely generated equidimensional i?-module M, all the cohomology modules 
of the Cousin complex of M are finitely generated and only finitely many of them 
are non-zero. 

In special case when R is local, Kawasaki obtains a more simple but interesting version 
of his result, Theorem 2, as the following. 

Theorem 4. |201 Theorem 5.5] Assume that i? is a universally catenary local ring and M 
is an equidimensional i2-module. If all formal fibres of R are Cohen-Macaulay, then all 
the cohomology modules of Cr{M) are finitely generated. 

Note that if a local ring R is universally catenary, then M is equidimensional for each 
finitely generated equidimensional i?-module M. In the proof of the above theorem, the 
assumption that R is universally catenary, is used to show that M is equidimensional. So 
one may consider this theorem as a generalization of Theorem 1. 

After reviewing some well known results and basic concepts which we need throughout 
the thesis in Chapter 1, we start our study on Cousin complexes by discussing some useful 
techniques and essential properties of cohomology modules of Cousin complexes in the 
first section of Chapter 2. As a consequence we remove the condition (^2) from Theorem 
1 and recover Theorem 4, in Corollary 12.1.61 and Proposition 12.3.21 

In all above results about finiteness of the Cousin complex of an i?-module M, there 
are some crucial common conditions on R and M: 

(a) M is equidimensional; 

(b) R is universally catenary; 

(c) all formal fibres of R are Cohen-Macaulay. 

When R is a. local ring, these conditions are sufficient for finiteness of cohomology 
modules of C[i{M) by Theorem 4, and conditions (b) and (c) are necessary for finiteness 
of cohomology modules of Cousin complexes of all equidimensional i?-modules by Theorem 
3. It is now natural to ask that which of these conditions are satisfied if Cr{M) has finitely 
generated cohomology modules for an i?-module M. 

In 2006, C. Zhou studied the properties of noetherian rings containing uniform local 
cohomological annihilators and showed that all such rings are universally catenary and 
locally equidimensional [37]. Recall that an element x G i? is called a uniform local co- 
homological annihilator of M, if x G i? \ U g]y[jj^j^_fp and for each maximal ideal m of R, 
xS^{M) = for all i < dimM,,,. 

We continue Chapter 2, improving some results of Zhou for modules which have uni- 
form local cohomological annihilators and find some characterizations of these modules 



in Section 2.2. We show that if a finitely generated -R-niodule M has a uniform local 
cohomological annihilator, then M is locally equidimensional and i?/0 :Fi M is universally 
catenary in Proposition 12.2.21 and Corollary 12.2.61 We also obtain that the property that 
M has a uniform local cohomological annihilator is independent of the module structure 
and depends only on the support of M in Corollary 12.2.51 Finally we investigate our 
main result in this section by proving that if Cji{M) has finitely generated cohomology 
modules, then M has a uniform local cohomological annihilator in Theorem l2.2.13l and so 
M is equidimensional and R/0 '.r M is universally catenary. 

Our approach in studying Cousin complexes is also useful for discussing about uniform 
local cohomological annihilators and helps us to recover some results in this context by 
a different and may be simple method, for instance see Corollary 12.2.91 and Proposition 
12.2.111 

This point of view, also enables us to characterize modules with finite Cousin co- 
homologies over a local ring R with Cohen-Macaulay formal fibres. The last section of 
Chapter 2 is devoted to some applications of our approach. In Theorem I2.3.3t we show 
that over these rings, Cji{M) has finitely generated cohomologies if and only if M has a 
uniform local cohomological annihilator, if and only if M is equidimensional i?-module. 
Our results about the annihilators of cohomologies of Cousin complexes in Section 2.1, 
lead us to present the height of an ideal of R in terms of Cousin complex in Theorem l2.3.5[ 

Another important subject which is strongly related to the uniform annihilators of local 
cohomology, is the notion a(M) which is defined for a finitely generated i?-module M over 
a local ring {R,xn) as a(M) = nj<dimAf(^ '^ ^mi-^-^))- Note that by definition, an R- 
module M has a uniform local cohomological annihilator if and only if a(M) ^ ^oeMinM^- 
On the other hand if p G MinM, then a(M) C p if and only if p G AttHJ^(M) for some 
i < dimM (see Lemma l2.2.7p . These facts motivate us to study the relations between 
local cohomology modules and Cousin complexes. 

It is well known that for a finitely generated -R-module M with finite dimension d = 
dimM, AttllJ^(M) = AsshM (see Theorem ll.2.4p . we start Chapter 3 by discussing 
AttH^(M) for certain t, in particular AttH^~ (M), in terms of cohomologies of Ci{{M). 
As a consequence we find a non- vanishing criterion of H^~ (M) when Cr{M) has finitely 
generated cohomologies in Corollarv 13.1.61 

The main object of Section 3.2 is the following question which is raised by Dibaei and 
S. Yassemi in [lOj. They investigate the set Attllg(M) for a finitely generated i?-module 
M and an ideal a of i? and show that AttII(j(M) C AsshM. Now it is natural to ask, 

Question 5. [1^ Question 2.9] For any subset T of AsshM, is there an ideal a of i? such 
that AttHf(M) = T? 

Theorem 13.2.111 presents a positive answer to this question in the case where (i?, m) 



is a complete local ring. In |1H Theorem 1.6], it is proved that if (-R, tn) is a complete 
local ring, then for any pair of ideals o and b of R, if AttHf(M) = AttH^(M), then 
Hu(M) = Hf,(M). As a consequence we show that the number of non-isomorphic top 
local cohomology modules of M with respect to all ideals of R is equal to 2' ' in 

Corollary ESia 

In last section 3.3, we use results of sections 3.1 and 3.2 and those of Chapter 2 for 
studying the class of generalized Cohen-Macaulay modules. In Corollary 13.3.41 we find a 
new characterization of generalized Cohen-Macaulay rings in terms of uniform annihilators 
of local cohomologies. Our results in this section are useful in the last chapter of thesis to 
study the Cohen-Macaulay loci of modules. 

The Cohen-Macaulay locus of M is denoted by 

CM(M) := {p e Speci? : Mp is Cohen-Macaulay as i?p~module} . 

The topological property of Cohen-Macaulay loci of modules and determining when it 
is a zariski-open subset of Speci? have been studied by many authors. Grothendieck in 
[14j states that CM(M) is a Zariski-open subset of Spec R whenever R is an excellent ring 
and in [T7], Hartshorne shows that CM(i?) is open when R possesses a dualizing complex. 
In [2B], C. Rotthaus and L. M. §ega study the Cohen-Macaulay loci of graded modules 
over a noetherian homogeneous graded ring R = 0jgpj Ri considered as iio^modules. 

Our aim in the first section of Chapter 4, is to determine when CM(M) is a Zariski- 
open subset of SpecR. We find two classes of rings, over which, CM(M) is open for all 
i?-modules M. The first is the class of rings whose formal fibres are Cohen-Macaulay (see 
Remark 14. 1.7p and the second is the class of catenary local rings R with finite non-CM(i2), 
where non-CM(M) = Speci?\CM(M) (see Corollarv l4.1.9p . Finally, we present examples 
to show that these two classes of rings are significant in 14.1.111 and 14.1.121 

Inspired by the above results, we study rings whose formal fibres are Cohen-Macaulay 
in Section 4.2. One of our main results in this section is Theorem 14.2.21 which gives a 
characterization of a finitely generated -R-module which admits a uniform local cohomo- 
logical annihilator in terms of certain set of formal fibres of R. In particular we show 
that, for a prime ideal p of R, R/p is universally catenary and the formal fibre of R over p 
is Cohen-Macaulay if and only if R/p has a uniform local cohomological annihilator (see 
Theorem 1122] and Lemma [2210]) . 

Corollary 14.2.31 is a good summary of connections between uniform annihilators of 
local cohomologies and Cousin complexes which shows that a local ring R is universally 
catenary and all of it's formal fibres are Cohen-Macaulay if and only if Cr{R/p) has 
finitely generated cohomologies for all p S Spec R, if and only if R/p has a uniform local 
cohomological annihilator for all p € Speci?. 

Note that for an i?-module M, non-CM(M) = V(a(M)) whenever Cr{M) is finite (see 
Corollary I4.2.4p . We close this section with Theorem which characterizes those modules 



M satisfying non-CM(M) = V(a(M)) without assuming that the Cousin complex of M 
to be finite, which imphes also that when CM/j(Af ) is finite, then the formal fibres of R 
over some certain prime ideals are Cohen-Macaulay (see Corollary 14. 2. 9p . 

Observe that if Cr{M) has finitely generated cohomologies, then M is locally equidi- 
mensional and R/0 :/j M is universally catenary by Corollary 12.3.11 On the other hand if 
all formal fibres of a universally catenary local ring R are Cohen-Macaulay, then Cft,{M) 
has finitely generated cohomologies for all equidimensional i?-module M (Theorem 4). 

These results strengthen our guess that over a local ring R, if Cii{R) has finitely 
generated cohomologies, then all formal fibres of R are Cohen-Macaulay (Section 4.4). 

Throughout this thesis, all known definitions and statements are quoted with a refer- 
ence afterward and all others with no references are supposed to be new, most of them 
have been appeared in [5], [6] and |7]. 



Chapter 1 

Preliminaries 



Throughout this thesis i? is a commutative, noetherian ring with non-zero identity and 
M is an i?-module. In the case {R,xn) is local, we use M as the m-adic completion of M. 
The set of all prime ideals of R is denoted by Speci? and for an ideal / of R, V(/) denotes 
the set of all prime ideals of R contain /. The support of M, denoted by SuppM, is the 
set {p G SpecR : Mp ^ 0} and the set of associated prime ideals of M, denoted by AssM, 
is the set 

{p € Speci? : p = {0 -.jix) for some non-zero element x € M}. 

The set of minimal primes of M, is the set of minimal elements of SuppM with respect 
to inclusion and is denoted by MinM. The Krull dimension of M, denoted by dimM, is 
defined to be the supremum of lengths of chains of prime ideals of Supp M if this supremum 
exists, and oo otherwise. By convention, the zero module has Krull dimension —1. For a 
prime ideal p of R, the M-height of p, denoted by htMp is defined as dimMp. Note that 
dimM = max{dimi?/p : p € SuppM}. The set of those prime ideals p € SuppM with 
dimi?/p = dimM, is denoted by AsshM. 

When dimM < oo, M is equidimensional if MinM = AsshM. We say that M is 
locally equidimensional if M^ is equidimensional for every maximal ideal m of SuppM. 
An element x £ R is said to be M -regular if xm ^ for each non-zero element m G M. 
A sequence xi,...,x„ of elements of R is called an M-regular sequence or simply an 
M -sequence if xi is M-regular, Xi is M/(xi, . . . ,Xj_i) M-regular for all 2 < i < n and 
M 7^ (xi, . . . , Xn)M. If IM 7^ M for an ideal / of R, then the length of a maximal M- 
sequence in / is a well determined integer grade (/, M) and is called the grade of I on M. 
We set grade (/, M) = oo if IM = M. If {R, m) is local ring, then the grade of m on M is 
called the depth of M and is denoted by depth M. 

1.1 Secondary representation theory 

The theory of secondary representation of a module is in a certain sense dual to the 
more familiar theory of primary decomposition and associated primes, and provides a very 
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satisfactory tool for studying artinian modules. In this section we recall the concepts and 
some main points of this theory which we need later on. One may find the developed 
theory by Macdonald in [22] . it has been also mentioned by Matsumura in his book [24t 
Section 6, Appendix]. 

A non-zero i?-module S is said to be secondary if its multiplication map by any element 
r of i? is either surjective or nilpotent. If S is secondary, then p = rad {0 :r 5 ) is a 
prime ideal, and S is said to be p -secondary. A secondary representation of an i?-module 
S is an expression of 5 as a finite sum of secondary submodules 

The representation is minimal if 

(a) the prime ideals pj = rad (0 :r Si) are all distinct, and 

n 

(b) none of the Si is redundant (i.e. Sj ^ J2^i)- 

i=l 

An i?-module S is called representable if it has a secondary representation. Note that 
the sum of the empty family of submodules is zero and so a zero i?-module is representable. 
It is easy to see that if S has a secondary representation, then it has a minimal one. 

Consider a minimal secondary representation 5 = ^i + • • • + 5„ of 5", where Si is 
pj-secondary for all 1 < i < n. Then the set {pi, . . . ,p„} is independent of the choice of 
minimal secondary representation of S, is called the set of attached prime ideals of S and 
is denoted by Att 5 or Att ^S. By the attached prime ideals or the attached primes of S, 
we mean exactly the members of Att S. 

Here we mention some essential properties and results about secondary representation 
and attached prime ideals which are interpreted by Macdonald in |22j . 

• [221 5.2] Any artinian i?-module has a secondary representation. 



• [22l 2.2] Let 5 be a representable i?~module and let p be a prime ideal of R. Then 
p € Att S if and only if there is a homomorphic image of S which has annihilator 
equal to p. 

• [22l 4.1] Let — > S' — > S — > S" — > be an exact sequence of representable 
i?-modules and i?-homomorphisms. Then 

Att S" C Att 5 C Att S' U Att S". 

• |22l 2.6] Let S be a representable i?-module and let r be an element of R. Then 

(a) rS ^ S ii and only if r G M p. 

peAtt s 



1.2. Local cohomology modules 9 

(/3) rad(0:^5)= f| p. 
peAtt 5 

The following result follows easily from the above (/3). 

Corollary 1.1.1. Assume that S is a representable R-m,odule. 

(i) // (i?, m) is local and S is artinian, then S is finitely generated, and so of finite 
length, if and only if Att S C {m} . 

(ii) //p G Mill (i?/0 -.R S), then p G Att S. 

(iii) All elements of Att S contains -.r S. 

Finally, recall the following result which enables us to change the base ring in studying 
attached prime ideals. 

Theorem 1.1.2. [2, 8.2.5] Let f : R — > R' be a homomorphism of noetherian rings. 
Assume that the R'-module S has a secondary representation. Then S has a secondary 
representation as an R-module by means of f, and 

Att rS = {f -' ip) -.pe Att R,S}. 
1.2 Local cohomology modules 

In this section, we review some basic definitions and known results about the local 
cohomology modules. Our main references are the book of Brodmann and Sharp [2] and 
the lecture of Schenzel [2H] . 

Given an ideal o of R, we consider the a-torsion functor over the category of R- 
modules, defined by 

TaiM) = {x € M : o"x = for some n G N}, 

for any i?-module M. It is easy to see that ro(— ) is an additive, covariant, i?-linear, 
and left exact functor on the category of -R-modules and i?-homomorphisms. So it makes 
sense to consider the right derived functors of ra(— ). For each i > 0, the ith right derived 
functor of ra(— ) is denoted by and is called the ith local cohomology functor with respect 
to the ideal a, so that rQ(— ) and II^(— ) are naturally equivalent. The module is called 
the ith local cohomology module of M with respect to a. 
An i2-module M is called a-torsion-free if r„(M) = 0, while it is called a-torsion if 

r„(M) = M. 
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The o-torsion functor can be expressed as 

r„(M) = U (0 -.M a") ^ lu^Romn{R/a^, M); 

n>0 " 

SO for all i, we have functor ially 

ffJM) ^ lu^Ext ^(/?/a", M). 

n 

The following basic properties of local cohomology modules will be often used without 
further mention. 

. m Remark 1.2.3] K{M) = H;^^^^^(M). 

• [21 Corollary 2.1.7(i)] If M is a-torsion, then HJ,(X) = for ah i > 0. 

• [21 Corollary 2.1.7(iii)] H;(M) ^ H;(M/r„(M)), for ah i > 0. 

• [21 Exercise 2.1.9] If M is b-torsion, then ff„+t,(M) ^ H;(M) for all i. 

• Independence theorem [2, 4.2.1]. Let R — > 5 be a homomorphism of rings, a 
an ideal of R and let M be an 5~module. Then B.is{M) ^ H;(M) for all i. 

• Flat base change theorem [2, 4.3.2]. Let R — > 5 be a flat homomorphism of 
rings, a an ideal of R and let M be an i2-module. Then Ris{M(E)RS) = H;(M)0r5 
for all i. 

• Long exact sequence of local cohomology modules. Let — > Mi — > M2 — > 

M3 — > be an exact sequence of i?-modules. Then we have the following long exact 
sequence. 

> h;(Mi) -^ KiM^) -^ KiMs) -^ h;+1(Mi) ^ • • • 

The vanishing of local cohomology modules is an important problem which there are 
many results concerning it. The following theorems are of most famous results. 

Theorem 1.2.1. (Grothendieck's vanishing theorem) p^, 6.1.2] Let M be an R-module 
and a he an ideal of R. Then HJ,(M) = for all i > dimM. 

The following result identifies the grade of an ideal in terms of local cohomology mod- 
ules. 

Theorem 1.2.2. [2l Theorem 6.2.7] Let M be a finitely generated R-module such that 
aM / M for an ideal a of R. Then the least integer i for which H^(M) ^ is precisely 
grade (0, M). 
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Theorem 1.2.3. (The Lichtenbaum-Hartshorne vanishing theorem) [18, Theorem 3.1] As- 
sume that {R,xn) is a local ring of dim,ension n and a is a proper ideal of R. Then the 
following statements are equivalent: 

(i) H^(i?) = 0. 

(ii) aR + ^ is not m-primary for each prime ideal ^ € Asshi?. 

The following results illustrate the utility of the secondary representation theory as an 
effective tool for studying local cohomology modules. 

Theorem 1.2.4. (Grothendieck's non-vanishing theorem — textbf)[23| Theorem 2.2] As- 
sume that {R,m) is a local ring and let M be a non-zero finitely generated R-module. 
Then AttH^'"^*^(Af) = AsshM. In particular H^™^'^(M) / 0. 

Theorem 1.2.5. [12, Corollary 4] Let (-R,m) he local, a an ideal of R and let M he a 
finitely generated R-module. Then 

AttH^''^*^(M) = {q nii : q € Assh^, dim^/(a^ + q) = 0}. 

Localization in an important tool in commutative algebra. The following result pro- 
vides a useful property of attached primes of local cohomology modules under localization 
with a condition on the base ring. 

Theorem 1.2.6. (Shifted localization principle) |3H Theorem 3.7] Let (-R,m) he a local 
ring which is a homomorphic image of a Gorenstein local ring, M a finitely generated 
R-module, p G Speci? and t = dimi?/p. Assume that q G Speci? such that q C p. Then 
for all i G Z, qR^ G Att i?p^^(Mp) if and only if q e AttHJ+*(M). 

If we remove the condition that i? is a homomorphic image of a Gorenstein local ring, 
one have a weaker result. 

Theorem 1.2.7. (Weak general shifted localization principle) [HTJ Theorem 4.8] Let {R,m) 
he a local ring, M a finitely generated R-module, p,q G Speci? such that q C p. If for 
i G Z, qRp G AttH*^ (Mp), then q G AttHJ+*(M), where t = diuiR/p. 

The local cohomology modules of a finitely generated iZ-module M are rarely finitely 
generated. For instance, when {R,m) is local and M is finitely generated i?-module, the 
fact that HJ„(M) is artinian for all i > together with Corollarv 11.1.1( 1). implies that 
HJ„(M) is finitely generated if and only if AttHJ^(M) C {m}. Now, by Grothendieck's 
non- vanishing theorem ()1.2.4p . we obtain that H^^^^ (M) is not finitely generated if 
dimM > 0. On the other hand for all ideals o of R, H^(M) is a submodule of M and so 
it is finitely generated. It is now interesting to find the least integer i for which H* (M) is 
not finitely generated. 
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Definition 1.2.8. [21 Definition 9.1.3] Let M be a finitely generated i?-niodule. We define 
the finiteness dimension of M relative to an ideal a of i? by 

fa{M) = inf{i e N : ff^iM) is not finitely generated }. 

The following result provides further motivation for the concept of finiteness dimension. 

Proposition 1.2.9. [21 Proposition 9.1.2] The following statements are equivalent for a 
finitely generated R-module M , an ideal a of R and an integer t € N. 

(i) HJj(M) is finitely generated for all i < t. 

(ii) a C rad (0 :r H;(M)) for alli<t. 

In light of the above result we have the following useful statement. 

Theorem 1.2.10. Let M be a finitely generated R-module and a an ideal of R. Then 

fa{M) = mi{i G N : H* (M) is not finitely generated } 
= inf{i G N : a ^ rad (0 lij K{M))}. 



Some times it is more useful and fascinated to weaken the condition a ^ rad (0 :r HJ,(M)), 
using another ideal b C a. 

Definition 1.2.11. [2, Definition 9.1.5] Let M be a finitely generated i?~module and let 
a and b be ideals of R such that b C a. We define b-finiteness dimension, f^{M), of M 
relative to a by 

f^{M) := inf{i G N : b ^ rad (0 :r K{M))}. 

Definition 1.2.12. [21 Definition 9.2.2] Let M be a finitely generated i?-module. For a 
prime ideal p G Spec-R\ V(a), the a-adjusted depth of M at p, denoted by adj^depthMp, 
is defined by 

adjjjdepthMp := depth Mp + ht(a + p)/p. 

Note that this is oo unless p G SuppM and a + p C R, and then it is positive integer. 

Let b be another ideal of R such that b C a. We define b -minimum a-adjusted depth 
of M, denoted by A^(M), by 

Xl{M) = inf {adj„depth Mp : p G Spec R\Y{b)} 

= inf {depth Mp + ht(a + p)/p :p G Speci? \ V(b)}. 
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Theorem 1.2.13. [21 Theorem 9.3.5] Let a and b be ideals of R such that b C a, and let 
M be a finitely generated R-module. Then 

fl{M)<\l{M). 

Recah that a finitely generated -R-module M, when (i?,m) is local, is called Cohen- 
Macaulay if dimM = depth M. In general, when R is not local, M is called Cohen- 
Macaulay if Mp is Cohen-Macaulay for all p € SuppM. This class of modules are charac- 
terized in terms of local cohomology as well. 

Remark 1.2.14. Assume that (i?,m) is a local ring and M is a finitely generated R- 
module. Theorem 1 1.2. 2 1 imp lies that M is Cohen-Macaulay if and only if for all i < dimM. 

The Cohen-Macaulay modules have very nice properties and are interesting to study. 
As a generalization of this important class of modules, one may consider those modules, 
their local cohomologies are finitely generated at indices less than dimension. 

Definition 1.2.15. A finitely generated module M over a local ring {R,m) is called a 
generalized Cohen-Macaulay (g.CM) module whenever m"'HJ„(M) = for some n £ N 
and all i < dimM. The module M is called quasi-Buchsbaum whenever mHJ^(M) = for 
all i < dimM. 

Theorem 1.2.16. Assume that {R,xn) is a local ring and M is a finitely generated R- 
module. Then the following statements hold true. 

(i) [21 9.5. 7(i)] If M is g.CM, then dimi?/p = dimM for all p € AssM \ {m} and Mq 
is a Cohen-Macaulay Rq-module for all q G SuppM \ {m}. 

(ii) [Z, 9.5.7(ii)] As a converse of (i), if 

— R is a homomorphic image of a regular ring, 

— dimi?/p = dimM for all p G MinM, and 

— Mq is a Cohen-Macaulay Rq-module for all q G SuppM \ {tn}, 

Then M is g. CM. 

(iii) [21 9.5.8(i)] Assume that M is g.CM and r G m is a parameter element of M (i.e. 
dim M/rM = dimM — 1). Then r is a non-zero-divisor on M/TmiM) and M/rM 
is g. CM. 
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As another generalization of Cohen-Macaulay modules, an i?-module M satisfies the 
Serre's condition {Sn) for some integer n > 0, if depth Mp > min{n, dimMp} for all 
p € SuppM. A module satisfies (Sn) for all n > just when it is a Cohen-Macaulay 
module. 

We close this section by recalling the canonical module over a homomorphic image of 
a Gorenstein local ring and some properties which we will use later on. 

Assume that {R,m) is a homomorphic image of a Gorenstein local ring {S,n). We set 

KM = Extdim^-dimM(^^^)^ 

where M is a finitely generated i?-module, and call it the canonical module of M (see 
[28]). 

There is a natural map tm '■ M — > Kkm by ^28^ Theorem 1.11], which has an 
important role in our later discussing. 

Lemma 1.2.17. [28. Lemma 1.9] In the above situation, we have the following statements. 

(i) //, for all p € SuppM, dimMp + dimi?/p = dim Af, then {Km\ = Km^- 

(ii) KssKm = {p G AssM : dimi?/p = dimM}, so dimM = dim Km- 

(iii) Km satisfies the condition {S2)- 

Theorem 1.2.18. [28^ Theorem 1.14] Let M denote a finitely generated, equidimensional 
R-module with d = dimM, where R is a homomorphic image of a Gorenstein ring. Then 
the following statements are equivalent for an integer k >1. 

(i) M satisfies the condition Sk. 

(ii) The natural map tm '■ M — > Kk^j is bijective (resp. injective for k = 1) and 
RI{Km) = for alld-k + 2<n<d. 

1.3 Cousin complexes 

Definition 1.3.1. [351 Definition 1.1] A filtration of Speci? is a descending sequence 
-F = (Fj)j>o of subsets of Spec (R), Fq ^ Fi ^ F2 ^ ■ ■ ■ ^ Fi ^ ■ ■ ■ , with the property 
that, for each i € No, every member of dFi = Fi\ -Fj+i is a minimal member of Fi with 
respect to inclusion. We say the filtration J^ admits M if SuppM C Fq. 

Example and Notation 1.3.2. [351 Example 1.2] Let M be an i2-module. For each 
i > 0, set 

i?i = {p G SuppM I htA/p > i). 
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The sequence {Hi)i>Q is a filtration of Speci? whicli admits M and is called the height 
filtration of M and is denoted by 1-L{M). 

Notation and Remark 1.3.3. Let J^ = (-Fi)i>o be a filtration of Spec-R which admits 
an i?-module M. An obvious modification of the construction given in §2 of [29j produces 
a complex 

^ M ^ ikfO ^ Ml ^ > M^-i %M'^--- , 

denoted by C{T, M) and called Cousin complex for M with respect to J-, such that M^ = 
©pgaFpMp and M* = ©pga^?. (Coker d^^ )p for all i > 0. The component of d^^{m), for 
m ^ M and p € OFq, in Mp is m/l. Note that for a prime ideal p of i2, if dp : M — > Mp 
denotes the natural homomorphism given by dp{x) = x/1 for x € M, then for an element 
re € M and i > 0, dp{x) = for all but a finite number of prime ideals p G dFi by |29t 
2.2]. Consequently, for all i > 0, there is an i?~homomorphism d^^^ : M*"^ — >■ M* for 
which, if X € M*"^ and q E 5-Fj, the component of d'^ (x) in (Cokerd^ )q is 7r(j;)/l, 
where vr : IvP~^ — )■ Cokerd^"^ is the canonical epimorphism. 

We will denote the Cousin complex for M with respect to M-height filtration, T-L^M), 
by Cji{M). We also use the notation 

C^(M)' : ^ MO ^ M^ ^ M2 ^ • • • ^ M^ ^ • • • 
and for each i > —1, 

K' := Keid^M, D' := Imd*^\ Wm := K'/D\ 
Then we have the following natural exact sequences, 

— > M^-^/K^-'^ — >M^ — > M^/D^ — > 0, (1.3.1) 

— > U''^^^ — > M'~V^'"^ — > M^-^/K^-'^ — > 0, (1.3.2) 

for all / > -1. 

We call the Cousin complex C[i{M) finite whenever each 'W^ is finitely generated as 

i?-module. 

The following Lemma has an important role in our approach for working with coho- 
mologies of Cousin complexes. For the proof of the first part we adopt the argument in 
[33l Theorem]. 

Lemma 1.3.4. Let M he an R-module. For any integer k with < k < htM^, the 
following statements are true. 
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(a) H^(M'=) = for all integers s > 0. 

(b) Ext |j(i?/a, M^) = for all integers s>0. 

Proof (a). Set Ck-i := Cokerd^-^ = M^~^ / D^-^ so that M^ = (Cfc_i)p. For 

peSuppM 
nt^jp=fe 
each /c < htj\,/a and each p € SuppM with htjv/p = ^^ there exists an element x € a \ p. 

Thus the multiphcation map {Ck~i)p — > {Ck~i)p is an automorphism and so the mul- 

tiphcation map H*((C,fc_i)p) — > H^((Cfc_i)p) is also an automorphism for all integers s. 

One may then conclude that H^((Cfc_i)p) = 0. Now, from additivity of local cohomology 

functors, it follows that H^(M'=) = 0. 

(b). Assume in general that N is an i?-module such that H^(A^) = for all s > 
0. We show, by induction on i, i > 0, that Ext^(i?/a, A^) = 0. For i = 0, one has 
Hom/j(i?/a, A^) = Hom/j(i?/a, H2(A^)) which is zero. Assume that i > and the claim 
is true for any such module A^ and all j < i — 1. Choose E to be an injective hull of A^ 
and consider the exact sequence — > N — > E — > N' — > 0, where A^' = E/N . As 
H°(^) = 0, it follows that H^(Af') = for all s > 0. Thus Ext'^^(i?/a, A^') = 0, by our 
induction hypothesis. As, by the above exact sequence Ext ^ {R/a, N') = Ext ^(i?/a, A^), 
the result follows. D 

We quote the following results as basic facts on Cousin complexes from [22], [3D], [5B] 
and [1]. 

Lemma 1.3.5. [4j Lemma 1.2] Let R := R/0 :/j M , then there exists an isomorphism of 
complexes Cr{M) ^ %(M). 

Theorem 1.3.6. [29^ Theorem 3.5] Suppose that S is a multiplicatively closed subset of 
R and M is an R-module. Then there is an isomorphism of complexes of S~^ R-modules 
and S^^R-chain map, 

^ = {V'"}n>-1 : S-HCr{M)) -^ Cs^,ji{S-'M) 

which is such that V'~^ : S^^M — > S~^M is the identity. 

The following result provide a characterization of Cohen-Macaulay modules in terms 
of Cousin complexes 

Theorem 1.3.7. |30t Theorem 2.4] Assume that M is a non-zero finitely generated R- 
module. Then M is Cohen-Macaulay if and only if the Cousin complex of M , CptiM), is 
exact. 
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The structure of Cousin complexes characterize the condition [Sn) as well. 

Theorem 1.3.8. [361 Example 4.4] Assume that M is a finitely generated R-module. Then 
M satisfies the condition (Sn) if and only if Cf(,{M) is exact at ith term for i < n — 2. 

Theorem 1.3.9. [29l 2.7] Assume that M is an R-module. Then 
(i) Supp Coker d^^ C Hn, and 

(ii) SuppT^J, C Hn+2. 

The following two lemmas may be considered as easy applications of the above theorem, 
which provide useful properties of Cousin cohomologies. 

Lemma 1.3.10. Assume that M is a finitely generated R-module of finite dimM = d 
and that Cji{M) is finite, then 

n (0 --R ^m) 2 u p- 

i>-l pGMinA/ 

Proof. By Theorem II. 3. 9| for alH > — 1, we have 

V(0 -.R nil) = SuppT^if ^ {P G SuppM : dimMp > i + 2}. 

So -.fi W '^ '-'peMinMp- ^® dimM = d, we have Wj^^ = for i > d — 1, hence Prime 
Avoidance Theorem implies that nj>_i(0 '.r Ti\j) % U gjyjjj^^p. D 

Lemma 1.3.11. Assume that M is a finitely generated R-module with d = dimM. 
(i) AssM = MinM, if and only if Uj} = 0. 
(ii) T-L^ = T-Lj^ = 0. 

Proof, (i) It is obvious by definition of {Si) and Theorem 11.3.81 

(ii) It is clear by Theorem II. 3. 9( ii). D 



Chapter 2 



Finite Cousin complexes 



The aim of this chapter is to study the class of modules whose Cousin complexes have 
finitely generated cohomology modules, as a subclass of modules which have uniform 
local cohomological annihilators. We describe some essential properties of the structure 
of Cousin complexes which are useful in the rest of the thesis, in the first section. In the 
second section, we study the theory of uniform annihilators of local cohomology and show 
that the class of finite Cousin complex modules is a subset of this class, and finally we use 
our approach to get some characterizations in the last section. 

2.1 Cohomology modules of Cousin complexes 

In this section we study the structure of cohomology modules of Cousin complexes and 
develop some techniques which will be used throughout the rest of the thesis. 

Firstly, we discuss the relationship between Cousin complexes of modules satisfying a 
short exact sequence. 

Lemma 2.1.1. Assume that (-R,m) is a local ring. 

(a) // — > L — > M — > N is an exact sequence of R-modules with the property that 
htjvfp > 2 for all p € Supp A^, then Cii{L)' = C^^M)' ; in particular, if L and M are 
finitely generated R-modules, then Cr{L) is finite if and only if Cr{M) is finite. 

(b) // L — 7- M — > N — > is an exact sequence of R-modules with the property that 
htjvfp ^ 1 for all p G SuppL, then CrIM)' = Cr^N)' ; in particular, if M and N are 
finitely generated R-modules, Cr{M) is finite if and only if Cr{N) is finite. 
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Proof. To prove (a), we argue on the following diagram. 





Ker^ 



L . rO 



L -^-^ L' 



f 



-> L^/lmdl 



^on^,-^i 



-^ 



/« 



i, 



(2.1.1) 



M — ^^ M^ — ^ M^/lmd^l > 

9 



N > 



0, 







As Supplm^r C SuppA^ we may replace N by Img and assume that 

— > L^M ^ N — ^0 



is exact. Since MinM n SuppA = 0, MinM = MinL and it follows an isomorphism 

/o : LO ^ MO over /, where L" = Lp and M" = Mp and f^dl^ = d]^ f . 

peMinL peMinM 

We next consider the natural epimorphisms 



: L° -^ L^/lmdJ^, A : M° ^ d^/, V : L^ /l^dl^ -^ M^ /Imd 



1 

M ' 



which iJjO = \f^ and consider the map (p := 9{f^)^^d^ : M — > Ker^, where (f^)^^ 
denotes the inverse map of f^, and show that ip is an epimorphism. In order to prove this, 
choose an element x £ Keiip, there is an element mo € M^ such that x = 0{f^)~^{mQ). 
It follows that mo € KerA C Imd^. Thus mg = d^ (m) for some m € M. Hence 
X = 6{f^)^^d^ (m) = (p{m). As Im/ C Kenp, there is an epimorphism 

(AT ^)M/Im/ — > M/Kerc^(^ Ker^) 

which implies that SuppKer ^ C Supp A. As a result, for each p G SuppM with htMp = 1 
we have p SuppKer^^- 

Now, summing up the localizations of the exact sequence 



o — ^ KerV' — y L^/lmdl^ — > M^/Imd]^ 
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at all prime ideals p G SuppM with ht^P = 1) and taking the natural maps into consid- 
eration, we find the following commutative diagram 



L 



M 



d-;} 



-> LO 



rf° 



^ Li 



/° 



AfO 



f' 



^ L^/lmdl 



-^ 






-^ M^ 



-> MVlmd^ 



M 



-> 0, 



with /^ is an isomorphism, 6^ and A^ are the natural epimorphisms and tp'^ is the natural 
homomorphism. It is clear that tp^ is an isomorphism too. Now, by induction on i, we get 
a family of isomorphisms (/*)j>0) P '■ ^* — ^ M^,i > 0, such that the diagram 





L 



M 



N 



-^ L" 



d" 



L . rl 4 



-> L' 



-^ L 



i-1 



-> u 



f 



f 






MO "m , ^,^1 d.M 



-> M' 



^ M 



d fp 



-> M' 



-^ 



0, 

is commutative with exact rows. Now, it follows that there are an exact sequence N 
Ti^ — > Ti^ — > and isomorphisms Ti^^ = "H^, i > 0. Thus the claim follows, 
(b) As Supp Ker / C Supp L we may replace L by Ker / and assume that 

— >L^M -^ N — ^0 



is exact. Since MinMnSuppL = 0, we get MinM = MinA^ and there is an isomorphism 

gO ■ M^ — > N^ over g, where M° = Mp and iV° = Ap. So that we have 

peMinM peMinAf 
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the commutative diagram 





M 



-^ 



^ MO -^ MVlmd^/ > 



A" 



N -^ AfO 



A 



■> iVVlmd 



-1 

AT 



-^ 



(2.1.2) 



where 7^^, 7jy and A" are natural homomorphisms. It is easy to see that A^ is an 

isomorphism. Therefore, there is an isomorphism g^ : M^ — > N'^ over g^, where 

M^ = © (M°/Imd^/)p and N^ = © (iV°/Imd]^^)p. Hence we have the 
peSuppM peSuppTV 

htjv^p=i htjYP=i 

fohowing commutative diagram where g^ and g^ are isomorphisms. 







MO 



AtO 






-^ Afi 



(2.1.3) 



dO„ 



-^ iVi 



Now, it follows by induction that CniM)' = CniN)'. 

To prove the final claim, let us assume that Cji{M) is finite. It follows from the exact 
sequence 



— > Im dv} — y Ker dlr — y Ui, — > 



-1/0 



that Kerd^ is finitely generated. By (|2.1.3p . Kerd^ is finitely generated and so 1-1% is 
finitely generated. The finiteness of ^^, « > 1, follows by the isomorphism Cfi{My = 
CRiN)'. D 

As an application of the above lemma, we prove the following result which will be 
useful in our later methods. 

Proposition 2.1.2. Assume that {R,m) is local and M is a finitely generated R-module. 
Then there is a finitely generated R-module N which satisfies the condition (Si) with 
Supp A^ = SuppM and Cji{M) is finite if and only if Cji{N) is finite. 
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Proof. There exists a submodule L of M such that AssL = AssM \ MinM, Ass M/L = 
MinM (c.f. m Page 263, Proposition 4]). Set N := M/L. Now N satisfies (Si) and 
considering the exact sequence — > L — > M — > N — > and the fact that Supp L n 
MinM = 0, the result follows by Lemma EXTJ^b) . D 

Corollary 2.1.3. Assume that {R,m) is local and M is a finitely generated R-module such 
that Cr{M) is finite. Then there exists a finitely generated R-module N which satisfies 
(Si), Supp A^ = SuppM and Cji{N) is finite. 

Consider the assumption and notation of Proposition 12.1.21 In the following result we 
find N satisfies the condition (S'2) whenever i? is a homomorphic image of a Gorenestein 
ring. This result will be useful to find some sufficient conditions for finiteness of Cousin 
complexes. 

Proposition 2.1.4. Assume that {R,m) is a homomorphic image of a Gorenestein ring 
and M is a finitely generated equidimensional R-module. Then there exists a finitely 
generated R-module N which satisfies the condition (S'2), SuppN = SuppM and Cr{M) 
is finite if and only if Cji{N) is finite. 

Proof. By Proposition 12.1.31 we may assume that M satisfies the condition (5*1), i.e. 
AssM = MinM, so that AssM = AsshM. Since -R is a homomorphic image of a 
Gorenestein ring, we may define the canonical module Km- Set N := Kkj^j- Then Km 
and N satisfy the condition (S'2) by Lemma 11.2. 17( 111). Now, by Theorem II. 2. 18^ we may 
consider the exact sequence 

— y M — > N — > L — ^0. 

Note that if p G Supp Af such that MmP ^ 1, then Mp is a Cohen-Macaulay module. Thus 
Theorem 11.2.181 implies that Lp = 0. By lemma 11.2.171 Ass N = Assh Km = Assh M = 
AssM so that Supp A^ = SuppM and we have htTvP > 2 for all p € SuppL. Now Lemma 
I2.1.ir a) implies the result. D 

Recall that, for a local ring (-R,m) and the natural ring homomorphism R — ;► R and 
any prime ideal p € Speci?, the ring R^fik{p) is called the formal fibre of R over p, where 
A;(p) = Rfi/pRfi. Note that all formal fibres of a homomorphic image of a Gorenestein ring 
are Cohen-Macaulay. 

The following result of H. Petzl, helps us to use Proposition 12. l.-ij more efficiently. 

Lemma 2.1.5. f2b\ Theorem 3.5] Assume that {R,m) is a local ring and all formal fibres 
of R satisfy the condition (Si). Let M be a finitely generated R-module. Then there is a 
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m,onom,orphism. of com,plexes u* : Cr{M) 0r R — > Cj^{M). More over if all form,al fibres 
of R are Cohen- Macaulay, the quotient complex Q' , in the exact sequence 

-^ Cr{M) ®rR^ C^{M) ^ Q' ^ 0, 

is an exact complex. In particular for each i > 0, there exists an R-isomorphism 

n'M0RR = w^. 

In [U Theorem 2.1], Dibaei proves that, over a local ring with Cohen-Macaulay formal 
fibres, the Cousin complex of a finitely generated module M is finite provided M satisfies 
{S2) and M is equidimensional. We are now able to show that the condition {S2) is 
superfluous. Kawasaki also obtains this result in the proof of |2Ul Theorem 5.5] by a 
different method. 

Corollary 2.1.6. Assume that (i?, m) is a local ring such that all of its formal fibers 
are Cohen-Macaulay. Assume that M is a finitely generated R-module such that M is 
equidimensional R-module. Then the Cousin complex of M , Cr{M), is finite. 

Proof. We may assume that dimM > 2, by Lemma ll.S.lll fii). Since for each i, by Lemma 
12.1.51 there is an isomorphism H^j i^r R = 'H*-?, finiteness of Cr{M) is equivalent to 
finiteness of Cji{M). Hence we may assume that R is complete, and so that R is a 
homomorphic image of a Gorenstein ring. Now, by Proposition 12.1.^ there exists a finitely 
generated -R-module which satisfies the condition (82) and Cr{M) is finite if and only if 
Cr{N) is finite. 

Since N satisfies the condition (5*2) and SuppA^ = SuppM, so that N is equidimen- 
sional, [4, Theorem 2.1] implies that Cr{N) is finite and so the result follows. D 

The following technical result will play a key role in the rest of the chapter. 

Proposition 2.1.7. Let M be an R-module and let a be an ideal of R such that aM ^ M . 
Then, for each non-negative integer r with r < htAf a, 

r 

l[{0 ■.RE^t'-\R/a,nij')) <Z0 ■.RExt'R{R/a,M). 

1=0 

Here Y\ is used for product of ideals. 
Proof. For each j > —1, recall the natural exact sequences 11.3.11 and 11.3.21 

-^ M^-^/K^-^ — > M^ — > M^/D^ -^ 0, (2.1.4) 

-^ ni'j^ -^ M^-^/D^-^ -^ M^-^/K^-^ -^ 0. (2.1.5) 
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Let < r < htM^. We prove by induction on j, < j < r, that 

j 
n(0 -.R Ext'£\R/a,n'M^)) ■ (0 -R Ext ^-^(i^/a, M-^^V^'"')) ^ :,j Ext ^(i?/a, M). 

i=0 

(2.1.6) 
In case j = 0, the exact sequence (|2.1.5|) imphes the exact sequence 

Ext5j(i?/o,?{^/) — ^Ext^(i?/a,M) — ^ Ext5j(i?/o,M~V^"^)> 

so that 

(0 :r Ext^(/?/a,?^^/)) • (0 :r Ext'ii{R/a,M-^ /R-^)) C :r Ext ^(i?/a, M), 

and thus the case j = is justified. 

Assume that < j < r and formula (J2.1.6P is settled for j. Therefore, by Lemma 
ll.3.4r b) , the exact sequence 12.1.41 implies that 

Ext'j{^{R/a,M^-^/K^-^)^Ext'j{^-\R/a,M^/D^). (2.1.7) 

On the other hand the exact sequence (J2.1.5P implies the exact sequence 

Ext''-^-\R/a,nij) -^ Ext''-^-\R/a,M^/D^) -^ Exi'-^-^{R/a,M^ /K^), 
from which it follows that 

(0 -.R Ext^-^-i(i?/a,Hl,)) • (0 -.R ExC^-'-\R/a,A'P/K^)) C -.r Ext'j,-'-\R/a,AP /D^). 

(2.1.8) 
Now (fXTTTD and UTTEh imply that 

(0 -.R Ext]{'-\R/a,nij)) ■ (0 -R Ext],-'-\R/a,AP /K^)) C -.r Ext^^,-' {R/a,Ap-'/K^-^). 

(2.1.9) 
Prom ([2X9]), it follows that 

i+i 

n(0 -.R Exi^p{R/a,W^')) ■ (0 -.R Ext'^-^-\R/a,A'P/K^)) = 

i=Q 

n'^^(0 :r Ext^-Xi?/a,K7')) " (0 --R Ext'^^'-\R/a,ni,)) ' (0 '-R Ext^p-\R/a,AP / K^)) C 
n(0 -.R Ext],-\R/a,n\-j')) ■ (0 -.R Ext'-\R/a,A4^-'/K^-')), 

and, by the induction hypothesis ()2.1.6p . it follows that 

i+i 

l[{0 :r ExC-\R/a,nX,^)) ' (0 -R Ext'-^-\R/a,M^ /K^)) C -.r Extl{R/a,M). 

i=0 
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This is the end of the induction argument. 

Note that there is an embedding Ext%{R/a, M''-'^ / K''-'^) ^ Ext%{R/a, W), by the 
exact sequence (|2.1.4p . On the other hand Ext5j(i?/a,M'') = by Lemma [LOf bl. So 
that Ext 5j(-R/a, M^~^ /K^'^^) = and now putting j = r in ()2.1.6p gives the result. D 

An immediate corollary to the above result is the following. 

Corollary 2.1.8. Assume that a is an ideal of R such that aM ^ M . Then, for each 
integer r with < r < htj\/o, 

r— 1 r r 

n (0 --R n\j) C f|(0 :r E^t'j,{R/a,M)) C f|(0 :r ff,(M)). 

i=-l i=0 i=0 

Proof It follows by Proposition 12.1.71 and the fact that the extension functors are linear 

and H;(M) ^ lim(Ext ^(i?/a^ M)). D 

j 

2.2 Uniform annihilators of local cohomology 

Recall that an element x G ^X^oeMmM^ ^^ ^ uniform local cohomological annihilator of 
an i?-module M if, for every maximal ideal m, xHJ^(M) = for all i < htA/m. Moreover, 
X is called a strong uniform local cohomological annihilator of M if x is a uniform local 
cohomological annihilator of Mp for every prime ideal p in SuppM. R is called universally 
catenary if every finitely generated i?-algebra is catenary. 

As a basic property of a ring R containing a uniform local cohomological annihilator, 
it is proved that R must be locally equidimensional and universally catenary (c.f. [371 
Theorem 2.1]). One of essential results about uniform annihilators of local cohomology, is 
the following result due to Zhou which reduces the property that a ring R has a uniform 
local cohomological annihilator to the same property for R/p for each minimal prime p of 
R. 

Theorem 2.2.1. [ 371 Theorem 3.2] Let R be of finite dimension d. Then the following 
conditions are equivalent. 

(i) R has a uniform local cohomological annihilator. 

(ii) R is locally equidimensional, and R/p has a uniform local cohomological annihilator 
for each minimal prime ideal p of R. 

The module version of the above theorem is also true. One may use an almost similar 
method to prove it. We state the proof more precisely. First we show that a module which 
has a uniform local cohomological annihilator is locally equidimensional. 
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Proposition 2.2.2. Let M be a finitely generated R-module such that it has a uniform 
local cohomological annihilator. Then M is locally equidimensional. 

Proof. Let m G Max Supp M. We will show that dim Af^ = dim Rm/pRm for all p G Spec R 

with p G MinM and p C m. By assumption, there exists an element x & R\ Upg]y[jj^j^^p 

such that xRi,{M) = for all i < dimMn,. As x G i?m \ U pRm, and H*^(M) = 

pi?meMinAfm 
ainR (-^m) by using the definition of local cohomology, we may assume that (R, m) is local 

with the maximal ideal m and write d := dimM. 

Assume, to the contrary, that there exists p G MinM with c := dimi?/p < d. Set 

S* = {q G MinM : dimi?/q < c} and T = AssM \ S. There exists a submodule iV of M 

such that Ass iV = T and Ass M/N = S. Note that dim M/N = c and that dim N = d. As 

rad (0 -.R N) = nqg^qj it follows that there exists an element y £ {0 -.r N) \ Uqgsq. Thus, 

trivially, 2/HJ„(iV) = for ah i > 0. The exact sequence — > N — > M — > M/N — > 

implies the exact sequence 

H^(M) -^ HJJM/AT) -^ Ri^\N). 

As xHJ„(M) = for all i < d, it follows that xyW^{M/N) = for all i < d. In particular, 
xy}i^{M/N) = 0. Thus xy G l~l ^^gg^^^,^q (c.f. [21 Proposition 7.2.11 and Theorem 
7.3.2]). Therefore xy G p by the choice of p. As p G 5nMinM, this is a contradiction. D 

We need the following technical lemma to extend Theorem 12.2.11 to module version. 
This result has been proved in |37t Lemma 3.1] for M = R, the same technique works also 
for an arbitrary i?-module M. 

Lemma 2.2.3. Let (-R, m) be a local ring, M a finitely generated R-module of dimension 
d, p be a minimal prime ideal of M and 



0- 


-^R/p- 


^M 


>Ni — ^ 0, 


0- 


^R/p- 


-^Ni — 


■> iVs ^ 0, 


0- 


^R/p- 


-^ Nt-2 - 


-^ iVt-i -^ 0, 


0- 


-^R/p- 


-^ Nt-i - 


-^ iVt ^ 0. 



be a series of short exact sequences of finitely generated R-modules. Let y be an element 
of R such that yNt = 0. 



d-l. 



(i) If there is an element x of R such thatxW^{M) = fori < d, then (xy)* HJ^(i?/p) 
for i < d. 
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(ii) // there is an element x of R such that xHJ^(i?/p) = for i < d, then x*yHJ„(M) = 
for i < d. 

Now, we are able to present the module version of Theorem 12.2. 1[ 

Proposition 2.2.4. Let M he a finitely generated R-module. Then the following condi- 
tions are equivalent. 

(i) M has a uniform local cohomological annihilator. 

(ii) M is locally equidimensional and R/p has a uniform local cohomological annihilator 
for allp G MinM. 

Proof, (i) =^ (ii). By Proposition 12.2. 2t M is locally equidimensional. Assume that p € 
MinM and that tn is a maximal ideal containing p. As Mp is an i?p -module of finite 
length, we set t := lR^{Mp). Then there exists a chain of submodules 

A^o C iVi C iV2 C • • • C A^t C M, 

such that A^o = A^i/A^i-i = R/p, for 1 < i < t, and 

— > R/p — > M — > M/Nq — > 0, 
— >R/p — > M/No -^ M/Ni -^ 0, 

O^R/p^ M/Nt-2 -^ M/Nt^i -^ 0, 
— >R/p — > M/Nt-i -^ M/Nt — > 0, 

are exact sequences. Since Mm is equidimensional, YAm^/P = htA/tn. As, by definition oft, 
lR^{{M/Nt)p) = 0, it follows that :/?, {M/Nt) 2 P- Choose an element y £0:r {M/Nt)\p. 
Localizing the above exact sequences at m implies the following exact sequences. 



0- 


-^ (^/P)m - 


-^ Mm ^ (M/No)^ -^ 0, 


0- 


-^ iR/p)m - 


-^ (M/No)^ -^ (M/NiU -^ 0, 


0- 


-^ iR/p)va - 


-^ {M/Nt^2)m -^ (M/Nt-i)^ -^ 0, 


0- 


-^ iR/p)m - 


-^ {M/Nt-iU -^ {M/Nt)^ -^ 0. 



By assumption, there is an element x G R\ U q such that xHJ^^ (Mm) = for all 

qeMinM 

i < htAfTn- Now, by Lemma [2.2.31 we have (a;y)'Hm(^/p)m = for all i < htAftn and for 
some integer I > 0. 

(ii) => (i). One may use a similar method as above to get the result. D 
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The following result is an easy application of the above proposition which shows that 
the property that a module M has a uniform local cohomological annihilator is independent 
of the module structure and depends only on the support of M. 

Corollary 2.2.5. Let M and N be finitely generated R-modules of finite dimensions such 
that SuppM = SuppA^. Then M has a uniform local cohomological annihilator if and 
only if N has a uniform local cohomological annihilator. 

Corollary 2.2.6. Let M he a finitely generated R-module that has a uniform local coho- 
mological annihilator. Then R/0 :/j M is universally catenary. 

Proof It follows by Corollary [223] and [571 Theorem 2.1]. D 

Recall that for a finitely generated i?-module M over a local ring (i?,m), 

a(M)= fl (0:fiH^(M)). 
i<dimM 

Note that by definition, an i?~module M has a uniform local cohomological annihilator if 
and only if a(M) ^ ^peMinM^- ^^ ^^^ other hand if p € MinM, then a(M) C p if and 
only if p S Att HJ„(M) for some i < diniM. More precisely we have the following result. 

Lemma 2.2.7. Assume that {R,m) is local and that M is a finitely generated R-module 
of dimension d. Then M has a uniform local cohomological annihilator if and only if 
Att HJ„(M) n MinM = /or a// i = 0, . . . , d - 1. 

Proof. Assume that M has a uniform local cohomological annihilator. Therefore there is 

an element x ^ R\ U p satisfying xHJ^(M) = for all z = 0, . . . , (i — 1. Thus, by 
peMinAf 

Corollarv 1 1 . 1 . 1 T iii) . x G fl q for all < i < (i — 1. Now the claim is clear. 

qGAttHJ^{Af) 

Conversely, note that if a(M) C Up, then a(M) C p for some prime ideal p G 

pGMin Af 

MinM, by prime avoidance theorem. Therefore, :/j H^(M) C p for some < i < d — 1. 
On the other hand one has :j:j M C i/j HJ^(M) C p which gives p G SuppM. Thus 
p E Min(ii/0 -.R HJ„(M)) and so p G AttHJ„(M) by Corollary HX^n) , which contradicts 
our assumption. Hence a(M) ^ U p and the result follows. D 

pgMiiiA/ 

The following lemma provides a relation between prime ideals containing a(M) and 
those p which Mp is not Cohen-Macaulay. 

Lemma 2.2.8. Assume that (i?,m) is a local ring, M is a finitely generated R-module 
and p G SuppM such that Mp is not Cohen-Macaulay. Then a(M) C p. 
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Proof. Let d := dimM and assume contrarily that a(M) ^ p. Then by Theorem ll.2.13t 
we have 

d = f^^^\M) < X^^^\m) < depth Mp + dim R/p < dimMp + dim R/p < d. 

Hence depth Mp = dhnMp which is a contradiction. D 

As an immediate corollary of the above lemma, we have the following result which 
Zhou has also proved it, in |37J, Corollary 2.3], for M = R and by a different method. 

Corollary 2.2.9. Assume that x is a uniform local cohomological annihilator of a finitely 
generated R-module M . Then M^ is a Cohen- Macaulay Rx-module. 

Proof. Let m be a maximal ideal of R with dimM^ > 0. Since x € a(M^), for any prime 
ideal p C m with x ^ p, we have Mp is Cohen-Macaulay by Lemma 12.2.81 D 

Another property of rings which contain uniform local cohomological annihilators is a 
result of Zhou [67\ Theorem 2.2] which proves that if j; is a uniform local cohomological 
annihilator of R, then a power of x is a strong uniform local cohomological annihilator of 
R. Using the above result and our approach to uniform annihilators of local cohomology, 
we are able to recover this result in special case when R is local, by a different method. 
Before that, we mention the following well known fact. 

Lemma 2.2.10. |24l Thorem 31.7] Assume that {R,m) is universally catenary local ring 
and M is finitely generated and equidimensional. Then M is equidimensional R-module. 

Proposition 2.2.11. Assume that {R,m) is a local ring, M is a finitely generated R- 
module and x is a uniform local cohomological annihilator of M , then a power of x is a 
strong uniform local cohomological annihilator of M . 

Proof. Let d = diniM^. Note that M is equidimensional by Proposition 12.2.2] and i?/0 :s 
M is universally catenary by Corollary 12.2.61 Thus Lemma 12.2.101 implies that M is 
equidimensional . 

Let p € SuppM with r = htj\,/P- We may choose elements xi,...,^^ in p such 
that htAf (a^i, • • • , Xr) = r and dimi?/(xi, . . . , Xr) = d — r. Set I = (xi, . . . , x^), then 
diTa.R/IR = d — r and so htr?(/i?) = r. 

Note that Cj^{M) is finite, by Corollarv 12.1.61 and Mx is Cohen-Macaulay by Corollary 
12.2.91 which means that H^— = {'W—)x = for alH > — 1. Since T-L^— is finitely generated 
i?-module, there exists a positive integer n such that x" G nj>_i(0 :^ ^V>) (note that 
W^ = {) for i> d-l). 
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Now, Corollary [2X81 implies that x""' G :s W^JM) for i < ht^(IR) = r. Hence 
x'^'^Wj{M) = for z < r = litM-?' and the result follows by the fact that Yi\^^{Mp) ^ 



The following theorem gives a characterization for a finitely generated module M over 
a local ring to have a uniform local cohomological annihilator in terms of the existence 
of a specific parameter element of M. In proving (ii)^^ (i) of this theorem, A. Talemi- 
Eshmanani had a fruitful cooperation. 

Theorem 2.2.12. Let (-R,tn) he local and M he a finitely generated R-module with di- 
mension d = dim M > 1 . Then the following statements are equivalent. 

(i) M has a uniform local cohomological annihilator. 

(ii) R/0 :r M is catenary and equidimensional, there exists a parameter element x of 
M such that Min (M/xM) D Ass M = and all modules M/x^M, t G N, have a 
common uniform local cohomological annihilator. 

Proof. In the following argument we fix A^ to be a submodule of M such that Ass N = 
Min M and Ass M/N = Ass M \ Min M (see [U Page 263, Proposition 4] for existence of 

N). 

(i)=^(ii) By Proposition 12.2.21 ^ is equidimensional and i?/0 :/j M is catenary by 
Corollary 12.2.61 Set X = {p G AssM : htMp = !}• It can be easily checked that 
X = {p G SuppM/A^ : litA/p = 1} and it is a subset of MmM/N so that X is a finite 
set. Assume that r is an element of -R\U g]y[j^^jp which is a uniform local cohomological 
annihilator of M. If r is unit element then M is Cohen-Macaulay and the claim follows 
by choosing x to be a non-zero-divisor on M. 

Therefore we assume that r G m \ ^x!eM\nM^i ^° that dim M/rM = d—1. Note that, 

as M is equidimensional and dimM > 1, m ^ MinM, m ^ X and m ^ Min M/rM. Hence 

there exist 

xGm\( U p)U(Up)U( U p). (2-2.1) 

peMin M pe^ peMin M/rM 

It follows that Min M/xM n Ass M = 0. 

We claim that r U p. Otherwise r G p for some p G Min M/xM and so 

peMin Af/xAf 

ht^fp = 1 which implies that p G Min M/rM. This contradicts with the chosen x in 

dMID- 
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Next we claim that -.r M/N ^ ^peMin m/xM^- Otherwise -.r M/N C p for some 
p G Min M/xM. Thus p G Supp M/N and htMp = 1 which shows that p e X. This also 
contradicts with (|2.2.ip . As a result there exists an element s € '.r ^ / ^\^peMm m /xmP ■ 
Now consider the induced exact sequences 

H-i(M/iV) -^ Ul^iN) -^ h;(m). 

As sRi^^{M/N) = for ah i, and rHJ„(M) = for ah i < d, we get rsHJ„(iV) = for ah 
i < d. 

Now, for the module A^, we have AssA^ = MinM and so, by (|2.2.ip . each of the 
elements x* is a non-zero-divisor on A^. Choose an arbitrary positive integer t and consider 
the exact sequence 

— > N ^ N — > N/x*N — > 
which induces the exact sequence 

Yi^^{N)^)^^{N/x'N) -^ ^^^\N). 

As rsE^{N) = for i < d, we get {rsf}^^{N/x*N) = for aU i < d - 1. 
On the other hand the exact sequence 

— > N/x^N — > M/x*N — > M/N — > 

implies the exact sequences 

HJ„(Ar/x*Ar) -^ H;(M/x*Ar) -^ 1^^{M/N) 

from which it fohows that (rs)^sHJ„(M/x*Af) = for alH < d — 1. 
Finally, the exact sequence 

— > x^M/x^N — > M/x^N — > M/x^M — > 

implies the exact sequences 

HJ„(M/a;*A^) — > HJ„(M/x*M) — > W^^ {x^ M / x^ N) . 

Note that s{M/N) = imphes that sHJ„(x*M/x*Af) = for all i. Therefore 

{rsfs^Y{^^{M/x^M) = 0, 

for all i < d — 1. 



32 Chapter 2. Finite Cousin complexes 

As r, s € i? \ ^p^MinM/xM^ ^^'^ dim M/x*M = d — I, the element r^s^ is a uniform 
local cohomological annihilator for M/x^M. 

(ii)=>(i). Assume that all modules M/x^M, t G N, have a common uniform local 
cohomological annihilator r, say. We first observe that 

-.R M/N 2 U p. 

peM'm M/xM 

Otherwise there is a prime ideal p G Min M/xM which :/? M/N C p. As dim M/N < 
d — 1 and ht^p = 1, we find that p € Mm M/N and so p G AssM which contradicts our 
assumption M.mM/xM D AssM = 0. As a result there is an element 

s€0:r M/N \ U p. 

peMin M/xM 

Consider an arbitrary positive integer t. From the exact sequence 

— > x^M/x^N — > M/x^N — > M/x^M — > 

it follows the induced exact sequences 

H^(x*M/x*iV) -^ H^(M/x*iV) -^ H^(M/x*M). 

Since s{M/N) = and r is a uniform local cohomological annihilator of H^(M/x*M), it 
follows that rsB/-^{M/x^N) = for ah i < d - 1. 

On the other hand, the exact sequence — > N/x^N — > M/x^N — > M/N — > 
implies the exact sequences 

1^^\M/N) -^ l^^{N/x'N) -^ ^^{M/x'N) 

from which it follows that r s'^'R]^{N / x^ N) = for alH < d — 1. 

From the fact that M is catenary and equidimensional and that x is a parameter 

element of M it follows that U p C u q and so rs"^ U p. 

peMinAf qeMin m/xM peMinAf 

Our next step is to show that rs^HJ^(A^) = for all i < d. Let i < d and choose an 

arbitrary element a G W^{N). By torsionness of local cohomology modules, there is a 

positive integer t such that a G (0 : x*). As AssA^ = MinM and x* ^ Up, x* 

W^{N) peMinM 

is a non-zero~divisor on A^. Thus the exact sequence — > N — > N — > N/x N — > 

implies the exact sequence HJ^ (N/x^N) — > W^{N) — > I{l^{N) and also the exact 

sequence 

HJ„-^(Ar/x*A^) -^ (0 : X*) -^ 0. 

H:,(w) 
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As rs'^}il„^{N/x*N) = 0, we obtain that rs^(0 : x*) = 0. In particular, rs'^a = 0. 

Therefore, as r, s U p, rs^ is a uniform local cohomological annihilator of A^. 

peMinTV 
Since SuppM = SuppA, M has a uniform local cohomological annihilator, by Corollary 

Now we introduce an important class of modules which have uniform local cohomologi- 
cal annihilators. This is the class of modules with finite Cousin complexes. In next chapter, 
we will show that these two classes coincide, if all formal fibres of R are Cohen-Macaulay. 

Theorem 2.2.13. Assume that M is a finitely generated R-module of finite dimM = d 
and that Cji{A'I) is finite, then M has a uniform local cohomological annihilator. 

Proof. By Lemma [1.3.101 there exists an element x G ^i>~iT~{-\.j \ ^p^MinM^- Now x'^ is 
a uniform local cohomological annihilator of M, by Corollary 12.1.81 D 

In Theorem 12.2. 12^ we have shown that if M has a uniform local cohomological anni- 
hilator, then there exists a parameter element x of M which M/xM has also a uniform 
local cohomological annihilator. Now, when Cr{M) is finite, we may show this property 
for all parameter elements of M. Firstly we see the result for each non-zero-divisor x of 
M. 

Proposition 2.2.14. Let (i?, m) he local ring and let M he a finitely generated R-module 
with dimM = d > 1 such that Cr{M) is finite. Then, for each non-zero-divisor x of 
M , the quotient module M/xM has a uniform local cohomological annihilator. Moreover, 
Min {M/xM) n Ass M = and all modules M/x^M , t € N, have a common uniform local 
cohomological annihilator. 

Proof. Let p e Mm M/xM. Then htA/p = 1 and so p ^ SuppT^^^,^ for ah i > by Theorem 
ll.3.9r ii) . If p G Supp T-L^l then p G Min V.'^l and so p G Ass M which contradicts with the 
fact that j; is a non-zero-divisor on M. Hence 

v^i>.l{Q■.Rn\I)'l u p. 

peMmM/zAf 

Therefore, there is an element r G nj>_i(0 :/j ^m) \ U p. Now, from the exact 

peMinM/iAf 

sequence — > M — > M — > M/xM — > we get the exact sequence 
> H;(M) -^ H;,(M/xM) -^ H^+i(M) ^ . . . . 

By Corollary 12.1.81 rllJ^(M) = for all i < d. Then the above exact sequence implies 

that r^IIJ^(M/xM) = for all i < d — 1. As r G U p, r^ is a uniform local 

peMinM/xAf 
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cohomological annihilator of M/x^M for all positive integers n and Min M/xM n Ass M = 
0. D 

Theorem 2.2.15. Let (i?, m) he a local ring and let M he a finitely generated R-module 
with finite Cousin complex. Then M/xM has a uniform local cohomological annihilator 
for any parameter element x of M . 

Proof. There is a submodule N of M such that Ass M/N = Min M and Ass N = Ass M \ 
MinM (c.f. [1, Page 263, Proposition 4]). As in the exact sequence — > N — > M — > 
M/N — ^ we have htA/p > 1 for all p € SuppiV, Lemma gXI^b) implies that Cr{M/N) 
is finite. Assume that x is parameter element of M. As x is a non-zero-divisor on M/N, 
Proposition 12 . 2 . HI implies that {M/N)/x(AI/N) has a uniform local cohomological anni- 
hilator. Note that Supp M/xM = Supp {M/N)/x{M/N) so, by Corollary [2231 M/xM 
has a uniform local cohomological annihilator. D 

2.3 Applications 

Our study of properties of Cousin cohomologies in Section 2.1, provides a new approach 
to the property of uniform annihilators of local cohomologies. This point of view enabled 
us to study both classes of modules, more deeply in section 2.2. In this section we present 
some more applications to characterize modules with finite cousin complexes (over rings 
with some extra conditions) and also to investigate a new formula for height of an ideal 
in terms of cohomologies of Cousin complexes. 

2.3.1 Partial characterizations 

We start with the following result which has an essential role in our approach. 

Corollary 2.3.1. Assume that M is a finitely generated R-module with finite dimension 
and that Cr{M) is finite. Then M is locally equidimensional and R/0 :/j M is universally 
catenary. 

Proof. It is clear from Theorem 12.2.131 Proposition 12.2.2] and Corollarv 12.2.61 D 

Now it is easy to provide an example of a module whose Cousin complex has at least 
one non-finitely generated cohomology. 

Example. Consider a noetherian local ring R of dimension d > 2. Choose any pair 
of prime ideals p and q of i? with conditions diuiR/p = 2, dimi?/q = 1, and p 2 q. Then 
Mini?/pq = {p,q} and so R/pc\ is not an equidimensional i?-module and thus its Cousin 
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complex is not finite. 

In \67\ Corollary 3.3], Zhou proves that any locally equidiniensional noetherian ring 
has a uniform local cohomological annihilator provided it is a homomorphic image of a 
Cohen-Macaulay ring of finite dimension. Note that any homomorphic image of a Cohen- 
Macaulay ring is universally catenary and all of it's formal fibres are Cohen-Macaulay. 
Here we extend this result to any universally catenary local ring with Cohen-Macaulay 
formal fibres, by showing that over these rings, every equidimensional module has finite 
Cousin complex, which also recovers the result of Kawasaki, [201 Theorem 5.5], by a 
different method. 

Proposition 2.3.2. Assume that R is universally catenary and all formal fibres of R are 
Cohen-Macaulay. If M is a finitely generated and equidimensional R~module, then Cr{M) 
is finite; in particular M has a uniform local cohomological annihilator. 

Proof. By Lemma [221101 ^ is equidimensional, so Cor ollarv 12.1.61 implies the result. D 

We are now ready to present the following result which, for a finitely generated R- 
module M, shows connections of finiteness of its Cousin complex, existence of a uniform 
local cohomological annihilator for M, and equidimensionality of M . 

Theorem 2.3.3. Assume that (i?, m) is local and all formal fibers of R are Cohen- 
Macaulay. Then the following statements are equivalent for a finitely generated R-module 
M. 

(i) M ia an equidimensional R-module. 

(ii) The Cousin complex of M is finite. 

(iii) M has a uniform local cohomological annihilator. 

Proof, (i) ^ (ii). This is Corollary [2X3 

(ii) => (iii). This is Theorem [2XT31 

(iii) ^ (i). There exists an element x £ R\ ^„^y[mM^ such that xH^(M) = for 
all i < dimM, so that xH^(M) = for all i < dimM. Now M is equidimensional by 
Proposition [2X2l D 

2.3.2 Height of an ideal 

We use some results about the annihilators of cohomologies of Cousin complexes, to present 
the height of an ideal in terms of Cousin complexes. 

As mentioned in Corollarv 12.1.81 we may write the following result. 
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Corollary 2.3.4. For any finitely generated R-module M and any ideal a of R with 
aM ^M, 

lliO:R'H\,)CO:RHii^'"-\M). 

We now raise the question that whether it is possible to improve the upper bound 
restriction. 
Question. Does the inequality 

n (0 -R ^m) ^ -R Hht«"(M) 

hold? 

It will be proved that the answer is negative for the class of finitely generated R- 
modules with finite Cousin cohomologies. More precisely, 

Theorem 2.3.5. AssuTne that M is a finitely generated R-module of finite dimension and 
that its Cousin complex Cr{M) is finite. Then 

htMa = inf{r : \[{^:r H\i) ^ :r H^(M)}, 

for all ideals a with aM ^ M . 

Proof, n (0 -R y-it) QO-R HJi(M) for ah r < htAfO. Hence we have 



i>-i 



htAf a < inf{r : HiO-.R UU ^ -.r H;(M)}. 



-Ki 



Thus it is sufficient to show that W (0 -.r W^) ^ r/j H^**^''(M). By Independence 

Theorem of local cohomology H^**^"(M) = H^*'*^''(M) as !R = R/Q -.r M-module, where 
b = (a + :ij M)/0 -.r M. Note that htMa = Um^ and that Cr{M) ^ %(M) by Lemma 

Hence we may assume that :/? M = 0. Set h := htMO. Let x ^ Q -.r H„(M). As 
aM 7^ M, there exists a minimal prime q over a in SuppM such that dimi?q = htA/fl- 
Hence x/1 G -.r^ H^^ (^q)- Thus, by any choice of pi?q G AsshMq we have x/l G pi?q 
(see Theorem 11.2.41 and Corollary II . 1 . 1 ( iii) ) and so x G p . Therefore, one has 

0:^H;;(M)C U p. 
peMmAf 

On the other hand, by Lemma [1.3.101 nj>-i(0 --R ^m) 2 '-'peMinAfP' ^o™ which it 
follows that 

\{(Q:Rn\i)%Q:RB!l{M). 

D 



Chapter 3 

Attached primes of local cohomol- 
ogy modules 



Throughout this chapter {R, m) is a local ring and M is a finitely generated -R-module 
of dimension d. Recall that M has a uniform local cohomological annihilators if and only if 
a(M) ^ U g]y[jj^j^^p. On the other hand we have seen in Lemma [2.2.71 that if p G MinM, 
then a(M) C p if and only if p € Att }ily^{M) for some i < diniM. Inspired by these facts, 
we study Att H^(M) for certain t, in particular Att H,^~ (M), in terms of cohomologies of 
Cr{M) and obtain a non-vanishing criterion of H„~ (M) when Cr{M) is finite, in section 
3.1. We continue by study the attached prime ideals of the top local cohomology module 
H^(M) in the second section and present a positive answer to a question of [10], in the 
case when R is complete. The last section of this chapter is devoted to some applications 
of our results to find a new characterization of generalized Cohen-Macaulay modules. 

3.1 Attached primes related to cohomologies of Cousin com- 
plexes 

In this section we study some relations between the set of attached primes of local 
cohomology modules HJ^(M) and those of cohomologies of the Cousin complex of M. 

The following result describes the situation when all cohomology modules T-L\j of the 
Cousin complex of M are local cohomology modules of M. 

Lemma 3.1.1. Assume that i is an integer with < i < d. The following statements are 
equivalent. 

(i) dim 'H-'jyj < for all j with — 1 < j < i • 

(ii) Rit^{M) ^ n{j for all j with -l<j<i. 
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Proof. Assume that s is an integer such that < s < d and dim'H^^ < 0. Considering 
the exact sequence (|1.3.ip with i = s, gives the exact sequence 

for all integers t. As s < d, by Lemma [1.3.41 (a), we get 

B^-^M'/D') ^ Ri{M'-^/K'-^). (3.1.1) 

Next consider the exact sequence (|1.3.2p with i = s which gives the exact sequence 

Choosing t > in the above exact sequence we obtain 

Bl,{M'-^/D'-^) ^ Ri{M'-^/K'-^). (3.1.2) 

As a consequence, from (|3.1.ip and (j3.1.2p . we get 

B.l^{M'-^/D'-^) ^ B*^\MyD') (3.1.3) 

for all t > 0. 

(i)^ (ii). Let —l<j<i- By repeated use of ()3.1.3p . we get 

h4+1(M-V^"^) = RiiM^/D^). 

From the exact sequence ()1.3.ip with i = j + 1 we have }i^{M^ /K^) = (because j + 1 < 
i < d and Lemma I1.3.4P . Hence the exact sequence ()1.3.2p with i = j + 1 implies that 
BliM^/D^) - B'iinij) - ni,. Therefore Bi^\M) - ?{{,. 

(ii)=> (i) is clear. D 

Theorem 11.3.91 implies that dim Ti^j^ < d — i — 2 for all i > — 1 . The following lemma 
states some properties for tth local cohomology modules of M, whenever dimT^^y^ < t—i—1 
for alH > — 1, in particular for H,^^ (M). 

Lemma 3.1.2. Assum,e that <t < d is an integer such that dim 7^^ < t — i — 1, for all 
i > —1. Then the following statements hold true. 

(i)AttH^(M)C U AttR^^-Hni,). 

i=-l,...,t-l 

(ii) There is an epimorphism H^(M) -^ i±^{'H^ ). 
(iii) Assume that Ca{M) is finite. Then ^^ is non-zero if and only i/tn G Att H^(M). 
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Proof, (i). We prove by induction on j, — 1 < j < t — 1, that 

j 
AttH*„(M)C l) AttRi;'-\nit)\jAttB'-^~\M^/K^). (3.1.4) 



Due to dim 7^^^ < t—i — 1, the Grothendieck's vanishing theorem imphes that }i^^{7i\j) = 
0. The exact sequence ()1.3.2p with / = 0, imphes the exact sequence HJ^('H^ ) — > 
H^(M) -^ Rl^{M-^/K-^) -^ 0. Thus we get 

AttH^(M) C AttH^(?^j^:/) jAttH^(M-V^"^)- 

Assume that -I < j < t - 1 and (|3.1.4|) holds. First note that (|1.3.ip with I = j + 1 
imphes the exact sequence 

As -1 < i < t - 1, Hm"^"^(M^+i) = and H^" ^"^(M^+i) = 0, by Lemma fLTil therefore 

H^-^-2(MJ+VZ)J+i) ^ H^-J-i(MVi^J). (3.1.5) 

On the other hand from the exact sequence (|1.3.2p with / = j + 2 we have the exact 
sequence 

K^'-\KV) -^ H^-^-2(ii/P+V^^+') -^ H^-^-2(A/P+Vi^^+^) -^ R'-^-Hnl^'). 

(3.1.6) 
As Hn, -^ {T't'^M ) = 0) (|3.1.5p with the exact sequence ()3.1.6p imply that 

AttHm^'^^MV^^) =AttH^"^'"^(M^+VD-'+i) 

Now, (|3.1.7p and (|3.1.4p complete the induction argument. Thus we have 

AttH*jM)C \J Att}i'^'-\nlj)\jAttitiM'~'/K'-'). 

i=-l,0, ■■■,*-! 

On the other hand, considering the fact that HJ]^(M*) = 0, it follows from the exact 
sequence (fTXTD with / = t, that H|]^(M*-VA'*-1) = 0. 

(ii) . Consider the exact sequence (|1.3.ip with I = t — i which imply the exact sequence 



H^-^(M*-*) — > W^^{M^-'/D^-^) — y H^(M*~^-VK*-^-1) -^ H^(M* 



Taking < z < t we get < t - z < t < d and so HJ„(M*~0 = = HJ^^(M*"0> by Lemma 
11.3.41 Therefore we have isomorphisms 

H*-^(M*-VZ)*-*) ^ H^(M*-'-V^*"'"^) (3-1.8) 
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for all i, < i < t. 

Consider the exact sequence (jl.3.2|) with I = t — i which induces the exact sequence 

Ki^r') -^ HUM*— V^*~^-') -^ H^M*— Vi^*— 1) -^ R^HK/-'). 

As, by assumption dim'H^^*^ < i, we have W^^{'H^j^''~ ) = and so one obtains an 
epimorphism 

Ri{M^-'-^/D^-'-^) -^ Ri{M^''-'^/K^-'-^). (3.1.9) 

By successive use of (jS.l.Op and (|3.1.8p one obtains an epimorphism 



WjM-'/D-') -^ RliM'-'/D'-'). 

On the other hand, we have seen at the end of part (i) that, we have HjJ,(M*^^/i^*^^) = 0. 
Therefore, from the exact sequence (^TXlh with l = t,we get R'^{n^^j'^) = HJ^(M*- V^*""^) 
which results an epimorphism 

Ri{M)^R'iin'j^,'). (3.1.10) 

(iii). Assume that ^^^ 7^ 0. As, by assumption dim 7^^^ < 0, we have R^CH*^ ) = 
n^f/ and so AttR'iin^^j^) = {m}. Now (|3.1.10|) implies that m G AttHj„(M). 

Conversely, assume that m G AttHj„(M). By part (i), m G Att Hj^*~-'^(?^^^) for some 
i, —1 < i <t — 1, and thus diniT^^j >t — i — 1. As diinT-L\j < t — i — 1 we have equality 
dim Wj^^ = t — i — 1. Note that Wj^j is finitely generated and so m G Assh l-L^j (see Theorem 
\m\i from which it follows that t - i - 1 = 0, i.e. ?^^7^ ^ 0. U 

It is known that AttH„^(M) = AsshM (Theorem ll.2.4p . The following result provides 
some information about AttH^M) for certain t, in particular for t = d — 1. 

Proposition 3.1.3. Assume that Cii{M) is finite. Let t, < t < d, be an integer such 
that dim?{^ <t — i — 1, for all i > —1. Then 

t-i 
AttH*„(M) = IJ {p G Ass'Hij : dimi?/p = t-i-l}. 

Proof Assume that p G Att H^M). Then p G Att R^~^~'^(nij) for some i,-l<i<t-l 
by Lemma I3.1.2r i) . As dim 7i\,j < t — i — 1, we have the equality dim T-L\^ = t — i — 1 and 
so p G AssW]:^ and dimi?/p = t - i - 1. 

Conversely, assume that — 1 < io <i — 1 and that p G Ass Ti^^j such that dim R/p = 
t-io-1. Set d' := dimMp and t' := t - dimi?/p. 
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As Cr{M) is finite, M is equidimensional and SuppM is catenary by Proposition 12.2.2] 
and Corollary EMI we have < t' < d! . Note that Ca^{M^) = {Ca{M))^ so that (?^ij)p = 
T-i^j for all j. As (MmT-L^^ < dimT-L^.^ — dimi?/p , we find that divaT-L^.^ < t' — j — 1 
for all j > —1. On the other hand T-Lj^J = {T~C'm)p t^ ^- Lemma 13.1.2( 111). replacing M 
by Mp imphes that pRp G AttH*^ (Afp)- Finally the Weak General Shifted Localization 
Principle dLM]), implies that p G Att h|^"^^™ ^^^ (M) that is p G AttH^(M). D 



As a consequence of the above result, we may find a connection between vanishing of 
certain local cohomology modules and the dimensions of cohomologies of Cousin complex. 

Corollary 3.1.4. Assume that Cji{M) is finite. Let I < d he an integer. The following 
statements are equivalent. 

(i) YiUM)=Qforallj,l<j<d. 

(ii) dim'H^.j <l — i — 1 for all i > —1. 

Proof, (i)^^(ii). We prove it by descending induction on /. For i = d—1 we have nothing 
to prove by Lemma ll.3.41 Assume that I < d — 1. We have, by induction hypothesis, that 
dimi?/p < (/+!)— i—1 for ah p G SuppT-L\.j and for aU i > —1. If, for an ideal p G Supp'H^ 
and an integer i, dim R/p = {l + l) — i — l, then we get p G Ass T-L\.f and so H^^^ (M) 7^ by 
Proposition 13.1.3} which contradicts the assumption. Therefore dimi?/p ^ {I + 1) — i — 1 
for any p G Supp'H^v/ and all i > —1. That is dim'H^^ < (/ + 1) — i — 1 for all i > —1. In 
other words, dim 7^^^ < I — i — 1 for all i > —1. 

(ii)^=>(i). By descending induction on /. For i = d — 1 we have nothing to prove. 
Assume that I < d — 1. As dim 7^^^ < I — i — 1 < (/ + !)— i — 1 for all i > —1, we have, 
by induction hypothesis, that Hm(Af ) = for all j,l + l<j<d. Moreover, Proposition 
[3X3] implies that Attll(+^(M) is empty so that HJ+^(M) =0. D 

The following result is now a clear conclusion of the above corollary. 

Corollary 3.1.5. Assume that M is not Cohen- Macaulay and that Cr{M) is finite. Set 
8 = 1 + sup{dim?^j^^ + i:i>-l]. Then H^(M) ^ and HJ„(M) = for sAl i,s <i< d. 



The following corollary gives us a non-vanishing criterion of H^ (M) when Cr{M) is 
finite. 

Corollary 3.1.6. Assume that Cr{M) is finite. Then 
(i) AttH^"i(M) = Ut-i{P e AssT^^vf : dim/?/p = d-i-2}. 
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(ii) H^"^(M) y^O if and only if dmiU\j = d - i - 2 for some i, -1 <i<d-2. 
Proof. It is clear by Proposition 13.1.31 D 

3.2 Top local cohomology modules 

In this section we assume that (R, m) is a local ring. We say that R is complete precisely 
when it is complete with respect to the m-adic topology. 

As mentioned before, by Theorem 11.2.41 AttH^(M) = AsshM. The following result 
is due to Dibaei and Yassemi. 

Theorem 3.2.1. [121 Theorem A] For any ideal a of R, 

AttH^(M) = {p eSuppM : cd{a,R/p) = d}, 

where cd (a, K) is the cohomological dimension of an R-module K with respect to a, that 
is cd (a, K) = sup{i e Z : H;(K) / 0}. 

Note that if p € SuppM such that cd(a, i?/p) = d, then dimi?/p = d. Therefore 
AttHf(M) C AsshM. The number of subsets T of AsshM with AttHf(M) = T, for 
some ideal a of a complete ring i?, is exactly the number of non-isomorphic top local 
cohomology modules of M with respect to all ideals of i?, by the following theorem. 

Theorem 3.2.2. [Ill Theorem 1.6] Assume that R is complete. Then for any pair of 
ideals a and h of R, i/AttH;^(M) = AttH^(M), then H^(M) ^ H^(M). 

Now it is natural interesting to ask, 

Question 3.2.3. |10l Question 2.9] For any subset T of AsshM, is there an ideal a of R 
such that AttHf(M) =T? 

Note that if T = AsshM, then the maximal ideal is the answer. Thus through this 
section we always assume that T is a non-empty proper subset of Assh M. 
In special case when d = 1 , it is easy to deal Question 13.2.31 

Proposition 3.2.4. // dimM = 1, then any subset T of AsshM is equal to the set 
AttH„(A/) for some ideal a of R. 

Proof Set := n p. Note that rad (a + p) = m for all p e T and o + p = p for all 

peAssh M\T 

p G Assh M \ T. Thus Hj(i2/p) / if and only if p G T. D 

In the following result we find a characterization for a subset of Assh M to be the set 
of attached primes of the top local cohomology of M with respect to an ideal a. 
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Proposition 3.2.5. Assume that R is com,plete, d > 1 and set Assh.M\T = {c\i, . . . , q,.}- 
The following statements are equivalent. 

(i) There exists an ideal a of R such that AttH(,(M) = T. 

(ii) For each i, 1 < i < r, there exists Qi G SuppM with dim R/Qi = 1 such that 

P|p^Qi and qi C Qi- 

per 

r 

With Qi,l<i<r, as above, Att Hf (M) = T where a = fl Qi- 

i=l 

Proof (i) =^ (ii). By Theorem [B. 2. H H„(i?/p) / for all p G T, that is a + p is m~primary 

for all p S T, by the Lichtenbaum-Hartshorne Theorem ()1.2.3p . On the other hand, for 

1 < i < r,qi ^ T which is equivalent to say that o + q^ is not an m-primary ideal. Hence 

there exists a prime ideal Qi G SuppM such that dim R/Qi = 1 and a+q^ C Qj. It follows 

that Op <^Qi. 
peT 

r 

(ii) => (i). Set := Pi Qi. For each i,l < i < r, a-\- qi Q Qi implies that o + q^ is not 

i=l 

m~primary and so Hf(i?/qi) = 0. Thus by Theorem[3X2] Att Hf (M) C T. Assume p E T 
and Q G SuppM such that a + p C Q. Then Qi ^ Q for some i,l < i < r. Since p ^ Qi, 
we have Qi ^ Q, so Q = m. Hence o + p is m-primary ideal. Now, by the Lichtenbaum- 
Hartshorne Theorem ([123]), and TheoremE^U it follows that p G AttH;^(M). D 

Corollary 3.2.6. If IL^{M) ^ and R is complete, then there is an ideal b of R such 
that dim R/b < 1 and H^(M) ^ H^(M). 

Proof If AttH^(M) = AsshM, then Hf(M) ^ H^(M) by Theorem [3221 Otherwise d > 
1 and AttHf(M) is a proper subset of AsshM. Set AsshM \ AttHf(M) := {qi, . . . , q,.}. 
By Proposition 13.2.5] there are Qi G SuppM with dimi?/Qj = 1, i = 1, . . . ,r, such that 
Att H^{M) = Atti^(M) with b = f] Qi. Now, by Theorem [3221 we have H^(M) ^ 

i=l 

H^(M). As dimi?/b = 1, the proof is complete. D 

Proposition 13.2.51 provides a useful method to find examples of top local cohomology 
modules with specified attached primes. 

Example 3.2.7. Set R = k[[X, Y, Z, W]], where A; is a field and X, Y, Z, W are independent 
indeterminates. Then R is a complete Noetherian local ring with maximal ideal m = 
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{X, Y, Z, W). Consider prime ideals 

Pi = {X,Y) , P2 = {Z,W) , P3 = {Y,Z) , p^ = {X,W) 
and set M = as an i?~module, so that we have AsshM = {pi,p25p35p4} and 

Plp2p3p4 

dimM = 2. We get {pi} = AttH^.(M), where Oi = p2,a2 = Pi,a3 = p4,a4 = Pa, and 
{Pi,p,} = AttH2^^,(M), where 

ai2 = (y2 + YZ, Z2 + YZ, X2 + XW, W^ + WX), 
034 = (Z2 + ZW, X2 + YX, y2 + YX, W^ + WZ), 
ai3 = (Z2 + XZ, W^ + WY, X^ + XZ), 
ai4 = {W^ + WY, Z^ + ZY, y2 + YW), 

a23 = (x2 + XZ, y2 + v^y, VF^ + zw), 
a24 = (x2 + XZ, y2 + v^y, z2 + zvf). 

Finally, we have {pi, pj, pfc} = Att H^^^,^ (M), where 0123 = (^, W, Y+Z), 0234 = (^, Y, W+ 

Z),ai3^ = {Z,W,Y + X). 



Lemma 3.2.8. Assume that R is complete, d > 2, and H P ^ fl 1? where 

peT (jgAsshi?/ J] p 

per' 

T' = AsshM \ T. Then there exists a prime ideal Q € SuppM with dim. R/Q = 1 and 
AttH^(M) = T. 

Proof. Set s := htM( Yl P)- We have s < d — I, otherwise Assh (i?/ X^ p) = {m} which 

peT' per' 

contradicts the condition H P ^ fl 1- 

peT qeAssh(i?/ E p) 
peT' 

As R is catenary, we have dim (R/ ^ p) = n — s. We first prove, by induction on j, 

0<J < d — s — 1, that there exists a chain of prime ideals 

Qo C Qi C ■■■ C Qj Cm, 

such that Qo ^ Assh {R/ Yl P)) dim R/Q j = d — s — j and f] P ^ Qj- 

peT' pgt 

There is Qo G Assh (i?/ ^ p) such that fl P ^ <9o- Note that dim i?/Qo = dim (i?/ ^ p) 

pGT' pGT pGT' 

d — s. Now, assume that <j < d — s — 1 and that we have proved the existence 

of a chain Qq d Qi d ■ ■ ■ C. Qj-i of prime ideals such that Qo £ Assh (i?/ Yl P); 

per' 
dimi?/(5j = d — s — {j — 1) and that H P ^ Qj-i- 

pGT 

Since d — s — {j — l) = d — s + 1— j>2, the set V defined as 
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V = {q e SuppM[ Qj-i C q C q' C m, dimi?/q = d — s - j, 
q' E Spec R and dim R/q' = d — s — j — 1} 

is non-empty and so, by Ratliff's weak existence theorem |24^ Theorem 31.2], is not finite. 
As n P ^ Qj-i) we have Qj-i C Qj-i + f]P- If, for q G T/, H P ^ 1) then q is a minimal 

pGT pGT pGT 

prime of Qj-i + Pi P- As F is an infinite set, there is Qj G V such that f] p ^ Qj- Thus 

peT peT 

the induction is complete. Now by taking Q := Qd-s-i and by Proposition 13.2.51 the 

claim follows. D 

Corollary 3.2.9. Assume that R is com,plete and \T\ = |AsshM| — 1. Then there is an 
ideal a of R such that AttH;J(M) = T. 

Proof. Note that AsshM \ T is a singleton set {q}, say, and so htA^q = and H P ^ 1- 

peT 
Therefore the result follows by Lemma 13.2.81 D 

Lemma 3.2.10. Let ai and 02 he ideals of a complete ring R. Then there exists an ideal 
bofR such that Att H^(M) = Att Hf^ (M) n Att H^^ (M) . 

Proof Set Ti = AttRJ^iM) and T2 = AttH^2(M). We may assume that Tif]T2 is a 
non-empty proper subset of AsshM. Assume that q € AsshM \ (Ti f]T2) = (AsshM \ 
ri)U(AsshM\T2). By Proposition [2231 there exists Q G SuppM with dimR/Q = 1 
such that q C Q and r\p£Tir\T2^ ^ Q- Now, by Proposition 13.2.51 again there exists an 
ideal b of R such that Att H^(M) = Ti fl ^2. D 

Now we are ready to present our main result. 

Theorem 3.2.11. Assume that R is complete and T C AsshM, then there exists an ideal 
a of R such that T = AttH^(M). 

Proof. By Corollary 13.2.41 we may assume that dim M > 2 and that T is a non-empty 
proper subset of AsshM. Set T = {pi, . . . ,pt} and AsshM \T = {pt+i, ■ ■ ■ ,pt+r}- We 
use induction on r. For r = 1, Corollary 13.2.91 proves the first step of induction. Assume 
that r > 1 and that the case r — 1 is proved. Set Ti = {pi, . . . ,pti pt+i} and T2 = 
{pi, . . . ,pi,pi_i_2}- By induction assumption there exist ideals ai and 02 of R such that 
Ti = Att}i^^{M) and T2 = AttH^^lM). Now by the Lemma EXJOl there exists an ideal 
aofR such that T = Tif]T2 = Att Hf (M). D 
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Corollary 3.2.12. (See f3^, Corollary 1.7]) Assum,e that R is complete. Then the number 
of non-isomorphic top local cohomology modules of M with respect to all ideals of R is 
equal to 2\^'-'-'^^'\. 

Proof. It follows from Theorem 13.2.111 and Theorem 13.2.21 D 

3.3 Applications to generalized Cohen-Macaulay modules 

In this section we study some properties of a generalized Cohen-Macaulay modules in 
terms of certain prime ideals p which i?/p has a uniform local cohomological annihilator 
and we give a new characterization of these modules. 

Lemma 3.3.1. Let (i?,m) he a g.CM local ring. Then R/p has a uniform local cohomo- 
logical annihilator for all p G Speci?. In particular, any equidimensional R-module M 
has a uniform local cohomological annihilator. 

Proof. Note that if dim R = 0, then there is nothing to prove. So we assume that dim R > 
0. Let p G Speci? with htp = 0. As i? is g.CM and tn ^ U gMini?P' ^ ^^^ ^ uniform local 
cohomological annihilator and thus R/p has a uniform local cohomological annihilator by 
Theorem I2.2.11 Assume that htMp = t > 0. There is a subset of system of parameters 
xi,...,xt of R contained in p. By Theorem ll.2.16l fiiil. R/{xi, . . . ,xt) is g.CM and so 
it has a uniform local cohomological annihilator. In particular R/p has a uniform local 
cohomological annihilator by Theorem 12. 2. II The final part follows immediately from the 
first part and Proposition 12. 2. -H D 

The converse of the above result is not true in general, but we may get a positive answer 
in a special case where Mp is a Cohen-macaulay i?p-module for all p € Supp M \ {m}. We 
need the following lemma which is straightforward and we give a proof for completeness. 

Lemma 3.3.2. Assume that R is a noetherian local ring. Then 

(a) //a G MinM, then Q £ Min A/0^^ 

(b) // R is universally catenary and M is equidimensional, then M is equidimensional 
as R-module. 

Proof, (a). It follows that £1^ G MinM by the Going Down Theorem. Assume that 
£}' G Min R/Q"'' such that O' C Q. The exact sequence — > R/£f — > M imphes the 
exact sequence — > R/£f^ — > M. Therefore Q' G AssM and so £2' = H. 

(b). Assume that Q. G MinM. By the Going Down Theorem, £2^ G MinM from which 
we have dimA/Q.^'^ = dim R/Q.'^ = dimM. As, by part (a), £} G MinR/Q'^'^ and using the 
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fact that R/Q!^ is formally equidimensional, we get dim R/0. = dim R/£f^ which implies 
that dim R/0. = dim M. D 

Lemma 3.3.3. Assume that (i?,m) is a local ring such that R/p has a uniform, local 
cohomological annihilator for allp € Speci?. Then the following statements are equivalent. 

(i) M is equidimensional R-module and for all p € SuppM \ {m}, Afp is a Cohen- 
macaulay Rp-module. 

(ii) M is a g. CM module. 

Proof (i)^ (ii). Since HJ„(M) ^ HJ„(M/rm(M)) for i > 0, we may assume that Tm{M) = 
and so m ^ AssM. As, for each p E AssM, Mp is Cohen-Macaulay, so AssM = MinM. 
Thus 'H]^! = 0, by Lemma 11.3.111 Since M is equidimensional and R/p has a uniform 
local cohomological annihilator for all p € MinM, M has a uniform local cohomological 
annihilator by Proposition 12.2.'^ and so R/{0 :r M) is universally catenary by Corollary 
12.2.61 As a result, considering M as an R/0 :/j M-module, Lemma 13.3.21 implies that M 
is equidimensional. Hence Cji{M) is finite by Corollary 12.1.61 

Now, we prove the statement by using induction on d = dimM. For d = 2, we have, 
by Corollarv 13.1.61 that 

AttHi^(M) = {pe Assnz} : ht^(p) = 1} U {p G Ass 7^5. : htjj(p) = 2}. 

If p G Assn:^ with htjy(p) = 1, then p G AssM and so p'^ G AssM = MinM. On 
the other hand, since p G AttHi(M), p'' G AttHj^(M) by Theorem [1.1.21 which contra- 
dicts, with Lemma [M21 Hence AttHi(M) C {m}. Now, Corollary [LLD^i) implies that 
HJ^(M) (g)^ R is finitely generated i?-module and it is the first step of the induction. 

Now assume that d > 2 and the statement holds up to d — 1. Let j; be a uniform local 
cohomological annihilator of M. Since MinM = AssM, x is a nonzero divisor on M by 
using its definition. On the other hand, as R/0 :r M is catenary, it is straightforward 
to see that M/xM satisfies the induction hypothesis for d — 1. Therefore, HJ^(M/xM) is 
finitely generated for alH < d — 1. The exact sequence — >■ M — > M — > M/xM — >■ 
implies the long exact sequence 



> H^(M) ^ H;,(M) -^ H^(M/:eM) -^ n'+\M) ^ ^^{M) 

Since xHm(M) = for j < d, we get the exact sequence 

-^ H^(M) -^ H;,(M/xM) -^ R^HM) -^ 0, 
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for i = 0, . . . ,d — 2. Now the result follows. 

(ii)=>(i) is clear by Theorem II .2. 16( i). D 

Now we can state a criterion for an equidimensional local ring to be a g.CM ring in 
terms of uniform local cohomological annihilators. 

Corollary 3.3.4. Asswne that R is an equidimensional noetherian local ring. The fol- 
lowing statements are equivalent. 

(i) R is g. CM. 

(ii) For all p G SpecR\ {m}, Rp is a Cohen- Macaulay ring and R/p has a uniform local 
cohomological annihilator. 

Proof. (i)=^(ii). We know that Rp is Cohen-Macaulay for all p S Speci?\{m}, by Theorem 
ll.2.16l fi). The rest is the subject of Lemma [3. 3. II 

(ii)=>(i) is immediate from Lemma 13.3.31 D 

The following remark is easy but we bring it here for completeness and future reference. 

Remark 3.3.5. Assume that {R,m) is local. 

(i) A finitely generated R-module M is g. CM if and only if all cohomology modules of 
Cpi{M) are of finite lengths. 

(ii) A finitely generated R-module M is quasi-Buchsbaum module if and only if Cr{M) 
is finite and mT-l\.j = for all i. 

Proof, (i). Assume that M is g.CM. By Theorem ll.2.16r i). we have Mp is Cohen-Macaulay 
for all p € SuppM\{m}. So that Supp?{^ C {m} and, by Lemma [3.3.3t the result follows. 
The converse is clear by Lemma 13.3.31 

(ii). It is similar to (i). D 



Chapter 4 



Cohen-Macaulay loci of modules 



Throughout this chapter M is a finitely generated i?-nioduIe. In the case {R, m) is local, 
we use as the completion of M with respect to m. The main objective of this chapter is 
to study the Cohen-Macaulay locus of a module. We show that it is a Zariski-open subset 
of Spec R in certain cases. Our results are also related to Cohen-Macaulayness of formal 
fibres over certain prime ideals. 

4.1 Openness of Cohen-Macaulay locus 

The Cohen-Macaulay locus of M is denoted by 

CM(M) := {p G Speci? : Mp is Cohen-Macaulay as iip -module}. 

Let non-CM(M) = SpecR \ CM(M). Trivially the Cohen-Macaulay locus of a Cohen- 
Macaulay module is Spec R and of a generalized Cohen-Macaulay module M over a local 
ring (R, m) contains Speci?\{m} by Theorem ll .2.16^ 1). In these cases CM(M) are Zariski- 
open subsets of Spec R. 

The objective of this section is to study the Cohen-Macaulay locus of M and find out 
when it is a Zariski-open subset of Spec R. We first mention a remark for future references. 

Remark 4.1.1. For an R-module M of finite dimension, if the Cousin complex of M is 
finite, then non-CM(M) = F(n(0 --r W^)) so that CM(M) is open. 

i 

Proof. It is clear, by Theorem 11.3.71 and Theorem 11.3.61 that 

CM(M) = Spec (i?) \ U Suppij(?^^.). 

j>— 1 

D 

As we have seen in Corollary 12.1.61 the Cousin complex of every equidimensional 
module over a complete local ring is finite. So it is natural to ask, over which rings the 
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openness of Cohen-Macaulay locus property is heritable from the completion ring. As an 
example of such rings one may consider the rings whose formal fibres are Cohen-Macaulay. 
To see this, recall first the standard dimension and depth formula. 

Lemma 4.1.2. [14, Chapitre IV, (6.1.2), (6. 1.3), (6.3.3)] Assume that {R,m) and (5,n) 
are local rings with k = R/xn and f : R — > S is a flat local homomorphism. For a 
finitely generated R-module M , M^^S is a finitely generated S -module and the following 
statements hold true. 

(i) dim M (g)jiS = dim M + dim S 0r k; 

(ii) depth M (^rS = depth M + depth S (g)R k; 

(iii) M iSiR S is Cohen-Macaulay S-module if and only if M is a Cohen-Macaulay 
R-module and S ^r k is a Cohen-Macaulay ring. 

As an immediate corollary of the above lemma, we have the following result. 

Corollary 4.1.3. Assume that^ € SuppM and p = Rn^. If the formal fibre R®Rk{p) 
over p is Cohen-Macaulay, then Mp is Cohen-Macaulay if and only if Msp is Cohen- 
Macaulay. 

Proof. Note that the natural local homomorphism Rp — > Ri^ is flat, so that the result 
follows by the above lemma. D 

Now we may easily see that the openness of Cohen-Macaulay locus property is heritable 
from the completion ring, if all formal fibres are Cohen-Macaulay. 

Corollary 4.1.4. Assume that all formal fibres of R are Cohen-Macaulay. If the Cohen- 
Macaulay locus of M is a Zariski-open subset of Spec R, then the Cohen-Macaulay locus 
of M is a Zariski-open subset of Spec R. 

Proof. Equivalently, we prove that Min (non-CM(M)) is a finite set. Choose p € Min (non- 
CM(Af )) and let £) be a minimal member of the non-empty set 

{q G SuppM : qni? = p}. 

Since the formal fibre of R over p is Cohen-Macaulay, Mq is not Cohen-Macaulay by 
Corollary I4.1.3[ On the other hand, for each q € Supp M with q C £} we have q n i? C p 
and so Mq is Cohen-Macaulay again by Corollary 14.1.31 Hence £2 E Min (non-CM(M)) 
which is a finite set. D 

The following lemma shows that the Cohen-Macaulay locus of M is open if it is true 
for certain submodules of M. 
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Lemma 4.1.5. Let 

S ~ {T C MinM; there exists q £ SuppA/ such that ht(q/p) is constant for all p G T}. For each 
T € S, we assign a submodule M^ of M with Ass M^ = T and Ass M/M'^ = Ass M \ T. 
Then 



CM(M) = U (CM(M^) \ U ^^^np)). 



^g^, pgAssA/\T 

Proof. For each T G S, there exists a submodule M-'" of M with AssM-^ = T and 
Ass M/M^ = Ass Af \ T (c.f. [H Page 263, Proposition 4]). it is clear that 

Supp M/Af^= U V(p). 

pe Ass M\T 

Let q G CM(Af) and set T' := {^ n A : ^ e AssAfJ. As Afq is Cohen-Macaulay, 
ht(q/p) = dimAfq for all p £ T' and so T' £ S. We claim that q Supp M/M^'. 
Assuming contrary, there is p € Ass M/M"^ such that p CI q. Hence pAq € AssAfq which 
implies that p G T'. This contradicts with the fact that Ass M/M^' = AssM \T'. 
Therefore from the exact sequence 

— > M'^' — >M — > M/M'^' — y (4.1.1) 

we get (M'^')q = M^ so that q G CM{M'^'). 

Conversely, assume that T G 5 and that q G CM(Af^) \ U V(p). That is (M^)q 

pgAsS M\T 

is Cohen-Macaulay and q ^ SuppA-f/Af-^. Therefore Afq is Cohen-Macaulay by ()4.1.ip . 
replacing T by T'. D 

Note that if i?/0 :r M is catenary, then each module M"^ in the above lemma is an 
equidimensional i?-module. Therefore one can state the following remark. 

Remark 4.1.6. If R is catenary and CM(A^) is open for all equidimensional submodules 
N of M, then CM(Af ) is open. 

It is now a routine check to see that, over a local ring R with Cohen-Macaulay formal 
fibres, the Cohen-Macaulay locus of any finitely generated i?-module is open. 

Remark 4.1.7. Assume that all formal fibres of R are Cohen-Macaulay. Then the Cohen- 
Macaulay locus of M is a Zariski-open subset of Spec R. 

Proof. By Corollary 14.1.41 it is enough to show that CM(Af ) is a Zariski-open subset 
of Spec-R. As R is catenary, we may assume that M is equidimensional i?-module by 
Remark 14. 1.61 Finally, Corollarv 12.1.61 implies that C^(Af) has finite cohomologies and so 
CM(M) is open by Remark HXTl D 
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We are now able to prove that any minimal element of non-CM(M) is either an attached 
prime of HJ^(M) for some i or Rp is not a Cohen-Macaulay ring. 

Theorem 4.1.8. Assume that {R,xn) is a catenary local ring and that M is equidimen- 
sional R-module. Then 

Min(non-CM(M)) C U Att HJ„(M)Unon-CM(fi). 

0<j<dim A/ 

Proof. Choose p € Min (non-CM(M)). As R is catenary and M is equidimensional, Mp 
is also equidimensional as i?p-module. Assume that Rp is a Cohen-Macaulay ring. For 
each q € Speci? with q C p, Rp/qRp has a uniform local cohomological annihilator by 
Proposition 12.3.21 Therefore, by Lemma 13.3.31 -^^p is a g.CM i2p -module. As Mp is not 
Cohen-Macaulay, Hljij (Mp) ^ for some integer i, i < diniAfp. In particular, Hlji (Mp) 
is a non-zero finite length i?p-module so that AttHp^ij (Mp) = {pAp}. By Weak general 
shifted localization principle (Theorem ll.2.7p . p G AttHJ^*(M), where t = dim(^/p). 
Now the result follows. D 

Corollary 4.1.9. Assume that {R,m) is a catenary local ring and that the non-CM{R) 
is a finite set. Then the Cohen-Macaulay locus of M is open. 

Proof. By Lemma 14.1.51 we may assume that M is equidimensional. Now Theorem 14.1.81 
implies that Min (non-CM(M)) is a finite set. In other words non-CM(M) is a Zariski- 
closed subset of Spec R. D 

Here is an example of local rings which satisfy the above condition. 

Example 4.1.10. Consider a local ring R satisfying Serre's condition {8^-2), d := dimi?, 
such that Cji{R) is finite. Then 7^^ = for i < d — A and i > d — 1, hy Theorem 11.3.81 
Lemma dXmii). Now, dim?^^"^ < 1 and dim^"^ < 0, by Theorem [LMl^n) . Thus 
non-CM(i2) = Supp?^^"^ U Supp'H^"^ is a finite set. 

By Remark 14.1.71 foi^ a local ring i2, if all formal fibres of R are Cohen-Macaulay, then 
the Cohen-Macaulay locus of each finitely generated i?-module is open and in Corollary 
14.1.91 we have seen that the same statement holds if i? is a catenary local ring and that 
the non- CM(i?) is a finite set. The following examples, show that these two conditions 
are significant. 

Example 14.1.111 gives a local ring S with Cohen-Macaulay formal fibres for which the 
set non-CM(S') is infinite. Example 14.1.121 presents a local ring T which admits a non- 
Cohen-Macaulay formal fibre with finite non-CM(T). 
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Example 4.1.11. Set S = k[[X, Y, Z, U, V]]/{X)n{Y, Z), where A; is a field. It is clear that 
S is a local ring with Cohen-Macaulay formal fibres. By Ratliff 's weak existence theorem 
[241 Theorem 31.2], there are infinitely many prime ideals P of k[[X,Y, Z,U,V]], with 
{X,Y,Z) C P C {X,Y,Z,U,V). For any such prime ideal P, S-p is not equidimensional 
and so it is not Cohen-Macaulay. In other words, non-CM(5') is infinite. 

Example 4.1.12. It is shown in [1'6\ Proposition 3.3] that there exists a local integral do- 
main (i?,m) of dimension 2 such that R = C[[X,Y, Z]]/{Z'^,tZ), where C is the field of com- 
plex numbers and t = X + Y + Y'^s for some s E C[[Y]] \ C{Y}. As Ass R = {{Z), {Z, t)}, 
R does not satisfy (Si). Thus T-C^ ^ while Tin = 0, by Theorem 11.3.81 Now Lemma 
12.1.51 implies that there exists a formal fibre of R which is not Cohen-Macaulay. As R is 
an integral local domain, we have non-CM(i?) = {m}. 

4.2 Rings whose formal fibres are Cohen-Macaulay 

It is shown in Corollary 14.1.41 that if all formal fibres of R are Cohen-Macaulay, then 
the Cohen-Macaulay locus of any finitely generated i?-module M is a Zariski-open subset 
of Spec-R. This result motivates us to determine rings whose formal fibres are Cohen- 
Macaulay. More precisely, we study the affect of certain formal fibres being Cohen- 
Macaulay on the structure of a module. 

Throughout this section (R, m) is a local ring and M is a finitely generated i?-module 
of dimension d. 

We begin with the following result which is the heart of the proof of our main result 
Theorem 1122] 

Proposition 4.2.1. Assume that p is a prime ideal of Spec R such that R/p has a uniform 
local cohomological annihilator. Then the formal fibre of R over p is Cohen-Macaulay. 

Proof. It is weh known that (Rp/pRp) ^r R = S^^{R/pR), where S is the image of 
R \ p in R. Therefore we want to show that {S^^{R/pR))s-i^ is Cohen-Macaulay for 
all q G Speci? with 5 n q = 0. It is enough to show that {R/pR)q is Cohen-Macaulay 
i?q-module. Since R/p has a uniform local cohomological annihilator, R/pR has a uniform 
local cohomological annihilator which, in particular, implies that R/pR is equidimensional 
by Proposition 12.2.21 Assume, contrarily, [R/pR)^ is not Cohen-Macaulay. We may 
assume that q G Min (non-CM {R/pR)) and that (q n i?) n (i? \ p) = 0. In other words, 
non-CM {{R/pR)^) = {qR^} and q n i? = p. 

Let us replace R and M in Lemma |4. 1.61 bv i?q and (i?/pi?)q, respectively. Note that 
R/q' is equidimensional for all q' E Spec-R, so that Cj^{R/q') is finite by Proposition 12.3.21 
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and thus C^ {R^/q'Rq) is finite. Therefore Rq/c\'Rq has a uniform local cohomological 
annihilator as i?q-module for all q' G SpecR with q' C q by Theorem 12.2.131 As {R/pR)q 
is equidimensional, we can apply Lemma [3.3.31 to deduce that {R/pR)^ is g.CM as Rq- 
module. In particular, H*- {{R/pR)^)) is a non-zero i?q~module of finite length for some 
i < dim.{R/pR)q for which we get Attffg {{R/pR)^) = {q-Rq}. Now, the weak general 
shifted localization principle (Theorem I1.2.7P implies that q € Att Hi (R/pR) for some 
j < dimi?/p which gives p = q fl i? G AttHm(-R/p). This contradicts with Lemma 
[2X71 D 

The above proposition enables us to give a characterization of a finitely generated 
module which admits a uniform local cohomological annihilator in terms of a certain set 
of formal fibres of the ground ring. 

Theorem 4.2.2. The following statements are equivalent. 

(i) M is equidimensional R-module and all formal fibres of R over minimal members 
of Supp M are Cohen-Macaulay. 

(ii) M has a uniform local cohomological annihilator. 

Proof, (i)^(ii). By Proposition 12.3.21 Cji{M) is finite, which implies that the Cohen- 
Macaulay locus of M is open or equivalently Min (non-CM(M)) is a finite set (see Remark 
liXT]) . Thus Lemma dXiniimpnes that 

n q ^ U _q. (4.2.1) 

qenon-CM(M) qeMinM 

Note that for an element r e { (1 q)ni?, Corollarv 12 . 1 . 81 implies that r"H^(M) = 

qenon-CM (M) 

for some positive integer n and for all < i < dimM. On the other hand H^(M) = 
HJ^(M), so it is enough to show that 

( n q)nfl2 up. (4.2.2) 

qenon-CM (M) pgMinA/ 

Assume contrarily that (j4.2.2|) does not hold. Then since Min (non-CM (M)) is a 
finite set, there is p € MinM such that p = q fl i? for some q G non-CM (M). Note 
that Rp — > {R)q is a faithfully fiat ring homomorphism and its fibre ring over pRp is 
{{Rp/pRp) (d)RR)q which is Cohen-Macaulay by our assumption. Therefore, by Corollary 
I4.1.3[ Mp is not Cohen-Macaulay. This contradicts with the fact that dim/{p(Mp) = 0. 

(ii)=>(i). As M has a uniform local cohomological annihilator, M is equidimensional 
and R/p has uniform local cohomological annihilator for all minimal prime p of M, by 
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Proposition I2.2.41 Thus the formal fibre over p is Cohen-Macaulay for p € Min M by 
Proposition 14.2.11 D 

The fohowing result shows that if all formal fibres of a ring R are Cohen-Macaulay, 
then R is universally catenary if and only if Cr{R/p) is finite for all p G Spec-R. 

Corollary 4.2.3. The following statements are equivalent. 

(i) R is universally catenary ring and all of its formal fibres are Cohen-Macaulay. 

(ii) The Cousin complex Cr{R/p) is finite for all p G Speci?. 

(iii) R/p has a uniform, local cohomological annihilator for all p G Speci?. 

Proof. (i)=^(ii) is clear by Proposition 12.3.21 

(ii)=>(iii) is clear by Theorem 12. 2. 13[ 

(iii)=^(i). By Corollarv 12.2.61 R/p is universally catenary for all primes p and so is R. 
The rest is clear by Proposition 14.2.11 

D 

As we have seen in Lemma I2.2.8t non-CM(M) C V(a(M)). Our final goal is to 
investigate that when the equality holds. In 1982, Schenzel proved that the equality holds 
when M is equidimensional and R posses a dualizing complex |27[ p. 52]. Recall that 
if a local R posses a dualizing complex then it is a homomorphic image of a Gorenstein 
local ring by \\.9\ Theorem 6.1] and so R is universally catenary and all formal fibres of 
R are Cohen-Macaulay. Hence Cr{M) is finite for all equidimensional -R-module M by 
Corollarv 12.1.61 and Lemma l2.2.10[ 

In the following, we see that non-CM(M) = V(a(M)) whenever Cji{M) is finite. 

Corollary 4.2.4. Assume that M is a finitely generated R-module of dimension d and 
that Cii{M) is finite. Then 

nnt-i(0 --R ■HI,)) =non-CM(M) = V{aiM)). 

Proof. The first equality is in Remark I4.1.1[ The second inequality is clear by Lemma 
EM] and Corollary EXl D 

As we have seen in Proposition 14 . 2 . H if R/p has a uniform local cohomological annihi- 
lator, then the formal fibre of R over p is Cohen-Macaulay. So to find the Cohen-Macaulay 
formal fibres, it is useful to study those prime ideals p such that R/p has a uniform lo- 
cal cohomological annihilator. Characterizing these ideals enables also us to characterize 
those modules M with non-CM(M) = V(a(M)) (see also Corollary [323]) . 
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Proposition 4.2.5. Assume that p € Speci?. A necessary and sufficient condition for 
R/p to have a uniform local cohomological annihilator is that there exists an equidimen- 
sional R-module M such that p E SuppM \ F(a(M)). 

Proof. The necessary condition is clear by taking M := R/p. For the converse, assume that 
there is an equidimensional i?-niodule M such that p E SuppM\ V(a(M)). We prove the 
claim by induction on h := ht^y/p. When /i = 0, we have p G MinM. Choose a submodule 
A^ of M with AssiV = {p} and Ass M/N = AssM \ {p}. It is clear that {M/N\ = 
so that r{M/N) = for some r £ R\p. On the other hand the fact that a(M) ^ p 
implies that there is s € R\p such that sHJ„(M) = for all i < dimM. The exact 
sequence }i^'^{M/N) -^ iii{N) -^ H;,(M) implies rsH;,(iV) = for all i < dimiV. As 
p G MinA^, R/p has a uniform local cohomological annihilator by Proposition 12.2.41 

Now assume that h > 0. For any q E SuppM with q C p we have q V(a(M)) so 
that R/q has a uniform local annihilator by induction hypothesis. As p V(a(M)), Mp is 
Cohen-Macaulay, by Corollary 14.2.41 Choose a submodule i^ of M with Ass K = Min M 
and Ass M/K = AssM \ MinM. If p G Supp M/K then there is q E Ass M/K with 
q C p. Therefore q E AssM and q MinM. As Mp is Cohen-Macaulay, so is Mq which 
gives q G MinM, which is a contradiction. Hence we have p Supp M/K which yields 
r{M/K) = for some r G yl \ p and so, by applying local cohomology to the exact 
sequence — > K — > M — > M/K — > 0, it fohows that d.{K) %p. As Mp ^ Kp, Kp is 
Cohen-Macaulay and ht/^p > 0, there is x G p which is non-zero-divisor on K. The exact 
sequence — > K — > K — > K/xK — > implies that a(i^)^ C a{K/xK) which implies 
that &{K/xK) 2 p. As ^^^/^.^^(p) < h, R/p has a uniform local cohomological annihilator 
by the induction hypothesis. D 

As our first application of the above proposition, we have the following result. 

Corollary 4.2.6. Assume that M is a finitely generated R~module which satisfies the 
condition {Sn)- If Cr{M) is finite, then the formal fibres of R over all prime ideals 
p G Supp M with htMp < n are Cohen-Macaulay. 

Proof. Let p G SuppM with htA/p < n. Note that V(a(iV)) =non-CM(iV) by Corollary 
14.2.41 On the other hand Mp is Cohen-Macaulay, so that the result follows by Proposition 
11X51 D 

Now we may show that if Cij(M) is finite, then the formal fibres of R over some certain 
prime ideals are Cohen-Macaulay. 

Corollary 4.2.7. Assume thatCfi{M) is finite. Then the formal fibres of R over all prime 
ideals p G Supp M with htMp < 1 o.re Cohen-Macaulay. 
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Proof. By Corollary 12.1.31 there exists a finitely generated iJ-module N which satisfies 
(Si), Supp A^ = Supp M and Cfi{N) is finite. Now the result follows by Corollary 14. 2. 61 D 

In Corollary 14.2.41 it is shown that, for a finitely generated i?-niodule M, non- 
CM(M) = V(a(M)) whenever Cr{M) is finite. In the following we characterize those 
modules M satisfying non-CM(M) = V(a(M)) without assuming that the Cousin com- 
plex of M to be finite. 

Theorem 4.2.8. For an equidimensional R-module M , the following statements are 
equivalent. 

(i) R/q has a uniform local cohomological annihilator for all q £ CM(M). 

(i') R/qR is equidimensional R-module and the formal fibre ring (i?q/qi?q) (8ir R is 
Cohen-Macaulay for all q G CM(M). 

(ii) non-CM(M) = V(a(M)). 

(iii) non-CM(M) 2 V(a(M)). 

Proof. The equivalence of (i) and (i') is the subject of Theorem 14. 2. 2[ 

(i)^(ii). The inclusion non-CM(M) C V(a(M)) is clear by Lemma EMJ 
Now assume that p ^ a(M). Thus there is an integer i, < i < d, such that p ^ 
-.R HJ^(M). There is O G AttHi(M) with q := R D £l e AttHJ„(M) and p 5 q. To 
show p Gnon-CM(M) it is enough to show that q Gnon-CM(M). Assuming contrarily, 
q G CM(M), R/q has a uniform local cohomological annihilator by our assumption and so 
the formal fibre k(q) (8)/j R is Cohen-Macaulay, by Theorem 14.2.21 As the map Rq — > Rq 
is faithfully flat ring homomorphism, we find that k{q) (S)/?, Rq is also Cohen-Macaulay. 
Therefore the standard dimension and depth formulas (Lemma I4.1.2p . applied to the 
faithfully flat extension Rq — > Rq, implies that Mq is Cohen-Macaulay. On the other 
hand, R/x has a uniform local cohomological annihilator for all r G Min M (simply because 
in this case M^ has zero dimension and so t G CM(M)). Thus, by Proposition 12.2.^ M 
has a uniform local cohomological annihilator and so does M. Therefore, by Proposition 
I2.2.2I M is equidimensional. Thus Corollary 12.1.61 implies that the Cousin complex C^{M) 
is finite. As H G Attlli(M), we have, by Corollary 11231 Q Gnon-CM(M). This is a 
contradiction. 

(ih)^=^(i). Assume that q G CM(M) so that q 2 a(M) by our assumption. Now 
Proposition 14.2.51 implies that R/q has a uniform local cohomological annihilator. D 
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Our last result in this section is a consequence of the above theorem, which improves 
Corollarv 14.2.71 to a generalization of the fact that, all formal fibres of a Cohen-Macaulay 
ring are Cohen-Macaulay. 

Corollary 4.2.9. Assume thatCii{M) is finite. Then the formal fibres of R over all prime 
ideals p € CM(M) U {p € SuppM : htjvfp = 1} are Cohen-Macaulay. 

Proof. By Corollary 14.2.71 all formal fibres of R over prime ideals p with htp = 1, are 
Cohen-Macaulay. On the other hand non-CM(M) = V(a(M)) by Corollarv KTM Now, 
Theorem 14.2.81 completes the proof. D 

4.3 Some comments 

Throughout this section [R, m) is a local ring. As we have seen in Corollary 12.3. H if 
Cr{M) is finite, then M is equidimensional and R/0 :r M is universally catenary. On 
the other hand. Proposition 12.3.2] shows that, if all formal fibres of a universally catenary 
local ring R are Cohen-Macaulay, then Cr{M) is finite for all equidimensional i?-module 
M. These results lead us to the following natural question. 

Question 4.3.1. Assume that Cr{M) is finite. Are the formal fibres of R over all prime 
ideals p G SuppM, Cohen-Macaulay? 

Corollarv 14.2.71 shows that if C[i{M) is finite, then the formal fibres of R over all prime 
ideals p € SuppM with htAfp < 1, are Cohen-Macaulay. As a consequence we may have 
a positive answer for the above question in the following special case. 

Corollary 4.3.2. Assume that Cji{M) is finite and dimM < 3. Then the formal fibres 
of R over all prime ideals p € Supp M are Cohen-Macaulay. 

Proof. Let p € SuppAf. If ht^/p < 1, then the formal fibre over p is Cohen-Macaulay 
by Corollarv 14.2.71 Now assume that htj\,fp > 1. Thus diuiR/p < 1 and so R/p has a 
uniform local cohomological annihilator. Hence the formal fibre over p is Cohen-Macaulay 
by Proposition 14.2.11 D 

In Corollarv I4.2.9t we have seen that if C[i{M) is finite, then the formal fibres of R 
over all prime ideals p € CM(M) U {p G SuppM : MmP = 1} are Cohen-Macaulay. Thus 
we have the following result in which, 

dim(non-CM(M)) = sup{dimfi/p : p G non-CM(M)}. 

Corollary 4.3.3. Assume that Cr{M) is finite and dim(non-CM(M)) < 1. Then the 
formal fibres of R over all prime ideals p G Supp M are Cohen-Macaulay. 
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Proof. Let p G SuppM. If Mp is Cohen-Macaulay, the formal fibre of R over p is Cohen- 
Macaulay by Corollary 14.2.91 Now, assume that p G non-CM(M). Thus dimi?/p < 1 and 
so that R/p has a uniform local cohomological annihilator. Hence the formal fibre over p 
is Cohen-Macaulay by Proposition 14.2.11 D 

One way of dealing Question 14.3.11 is to find a reduction technique e.g. for diinension 
of the module. In this connection, we propose the following. 

Problem 4.3.4. Assume that Cr{M) is finite and x is a non-zero-divisor on M . Then 
Cr{M/xM) is finite. 

Assume that Cji{M) is finite and p € SuppM. Consider the submodule A^ of M with 
Ass N = Ass Af \Assh M and Ass M/N = Assh M (c.f. [H Page 263, Proposition 4]). As in 
the exact sequence — y N — y M — > M/N — y we have htjv/ p > 1 for all p G Supp N, 
Lemma l2.1.ir b) implies that Cr{M/N) is finite. Note that SuppM = SuppM/A^ and so 
p G SuppM/A^. Since KssM/N = MinM/A^, p contains a non-zero-divisor x on M/N. 
If we have positive answer for the above problem, the Cousin complex Cr{ ^Jjij^ ) is finite. 
Now by an induction argument on dim M and using Corollary 14.3.21 one finds that the 
formal fibre of R over p is Cohen-Macaulay. 

Note that if Cr{M) is finite, then M is equidimensional and R/0 :r M is universally 
catenary by Corollary 12.3.11 and so M/xM is equidimensional. Now, if the formal fibres 
over all p G SuppM are Cohen-Macaulay, then Proposition 12.3.2] follows that Cr{M/xM) 
is finite. Hence solving Problem 14.3.41 is equivalent to find an answer for Question 14.3. 1[ 
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